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AMENABILITY AND WEAK CONTAINMENT FOR ACTIONS
OF LOCALLY COMPACT GROUPS ON C˚-ALGEBRAS
ALCIDES BUSS, SIEGFRIED ECHTERHOFF, AND RUFUS WILLETT
Abstract. In this work we introduce and study a new notion of amenabil-
ity for actions of locally compact groups on C˚-algebras. Our definition ex-
tends the definition of amenability for actions of discrete groups due to Claire
Anantharaman-Delaroche. We show that our definition has several character-
izations and permanence properties analogous to those known in the discrete
case. We also give new characterizations of amenability even in the discrete
case: in particular, we show that amenability is equivalent to the so-called
quasi-central approximation property, a strong approximation property that
was recently used by Suzuki in equivariant classification theory.
We use our new notion of amenability to study when the maximal and
reduced crossed products agree. One of our main results generalizes a theo-
rem of Matsumura: we show that for an action of an exact locally compact
group G on a locally compact space X the full and reduced crossed products
C0pXq ¸max G and C0pXq ¸red G coincide if and only if the action of G on
X is measurewise amenable. We also show that the analogue of this theorem
does not hold for actions on noncommutative C˚-algebras.
Finally, we study amenability as it relates to more detailed structure in
the case of C˚-algebras that fibre over an appropriate G-space X, and the
interaction of amenability with various regularity properties such as nuclearity
and exactness, and the equivariant versions of injectivity and the WEP.
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1. Introduction
Amenability is an important property of groups and their actions (and other
objects) with many consequences in dynamics, harmonic analysis, geometric group
theory, and elsewhere. There is a good notion of amenability in the literature for
an action of a locally compact group on a von Neumann algebra. However, for
actions on C˚-algebras, some natural definitions only work in the case where the
acting group is discrete. Our goals in this work are four-fold:
(1) Introduce a notion of amenability for an action of a locally compact group
on a C˚-algebra, and study its relationship to approximation properties for
the action.
(2) Study the connection of amenability to the weak containment problem of
when the maximal and reduced crossed products coincide, and the connec-
tion to measurewise amenability.
(3) Study amenability in the case of actions on X¸G-C˚-algebras for a regular
action Gñ X , and for type I G-C˚-algebras.
(4) Study the connection of amenability to various important regularity prop-
erties such as nuclearity, exactness and equivariant versions of the WEP
and injectivity.
We now discuss each of these goals in turn.
1.1. Amenable actions. To explain our notion of amenable actions, we start by
recalling the classical case of actions on von Neumann algebras. This theory is now
well-established, having been initiated by Claire Anantharaman-Delaroche [3] over
forty years ago and used to great affect by Anantharaman-Delaroche and many
others in the intervening period.
To establish terminology, let A be a C˚-algebra (or a von Neumann algebra)
equipped with an action α : G Ñ AutpAq of a locally compact group G. Then
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pA,αq is a G-C˚-algebra (respectively, G-von Neumann algebra) if for all a P A
the ‘orbit map’ G Ñ A defined by g ÞÑ αgpaq is norm (respectively, ultraweakly)
continuous.
Let G be a locally compact group, and let pM,σq be a G-von Neumann algebra.
Equip the von Neumann algebra tensor product L8pGqbM with the tensor product
of the canonical action on L8pGq induced by left translation, and the given action
σ on M . The following definition is due to Claire Anantharaman-Delaroche [3,
De´finition 3.4]. Note that it reduces to one of the standard definitions of amenability
for G if M “ C.
Definition 1.1. A G-von Neumann algebra pM,σq is amenable if there exists an
equivariant conditional expectation Φ : L8pGqbM ÑM .
If pA,αq is a G-C˚-algebra and G is discrete, then its double dual A˚˚ is a G-von
Neumann algebra with the canonically induced action α˚˚, and Anantharaman-
Delaroche [5] defines the G-action on A to be amenable precisely when pA˚˚, α˚˚q
is an amenable G-von Neumann algebra. This definition works well in the discrete
case, but makes no sense for general locally compact G: indeed, A˚˚ is typically
not a G-von Neumann algebra when G is not discrete.
One of the main ideas in this paper is to find an appropriate replacement for A˚˚
when G is locally compact. The main ingredient is given by the following theorem
of Ikunishi:
Theorem 1.2 ([37, Theorem 1.1]). Let G be a locally compact group, and pA,αq
a G-C˚-algebra. Then there is a canonically associated G-von Neumann algebra
pA2α, α2q with the following universal property: any equivariant ˚-homomorphism
AÑM from A to a G-von Neumann algebra M extends uniquely to an ultraweakly
continuous equivariant ˚-homomorphism A2α ÑM .
It follows from the theorem that when G is discrete, pA2α, α2q “ pA˚˚, α˚˚q.
Thus A2α is a natural replacement for A
˚˚. We show that it has many analogous
functorial properties to A˚˚, although it is often a proper quotient.
Replacing A˚˚ by the G-von Neumann algebra A2α we define a G-C
˚-algebra
pA,αq to be von Neumann amenable if pA2α, α2q is an amenable G-von Neumann
algebra. This clearly extends the notion of amenable action of a discrete group G.
However, von Neumann amenability is not directly useful for studying properties
of the associated crossed products. For discrete G, Anantharaman-Delaroche [5]
characterized amenability in terms of an approximation property using functions
of positive type on G with values in the center ZpA˚˚q of A˚˚, that is functions
θ : GÑ ZpA˚˚q such that for all finite F Ď G the ‘F ˆ F -matrix’`
α˚˚g θpg´1hq
˘
g,hPF
PMF pZpA˚˚qq
is positive. The following definition is inspired by this characterization:
Definition 1.3. Let pA,αq be a G-C˚-algebra. We say that pA,αq is amenable
if there exists a net tθi : G Ñ ZpA2αqu of norm-continuous, compactly supported
functions of positive type such that }θipeq} ď 1 for all i P I and θipgq Ñ 1A2α
ultraweakly and uniformly on compact subsets of G.
This definition has good permanence properties: for example, we show it is
preserved under Morita equivalences, and under taking ideals, quotients, hereditary
subalgebras, and extensions.
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It follows from [5, The´ore`me 3.3] that amenability and von Neumann amenability
are the same if G is discrete. In this work we prove that amenability and von
Neumann amenability coincide for actions of exact locally compact groups G. Using
different arguments, a very recent result of Bearden and Crann [10, Theorem 3.6]
even shows that the same holds true for all groups G, so amenability and von
Neumann amenability are always the same.
A draw-back of these formulations of amenability is that the enveloping G-von
Neumann algebra is usually a huge object which is not easy to understand. Mo-
tivated by this, we give a different characterization, which we call the weak quasi-
central approximation property (wQAP); it is a weak version of the quasi-central
approximation property (QAP) as introduced in [20, Section 3]. The (wQAP) has
the advantage that it only uses functions of positive type which map G into A. As
a consequence we get another permanence property – amenability is stable under
taking inductive limits – which does not seem at all obvious from the von Neu-
mann algebraic variants. For the reader’s convenience, let us summarize all the
permanence properties that we establish for amenability.
Theorem 1.4. Amenability is preserved under the following operations: equivari-
ant Morita equivalences; equivariant inductive limits. It is also preserved under
taking equivariant: ideals; quotients; hereditary subalgebras; extensions.
At this point, we cannot go any further for general locally compact groups.
However, for discrete groups, much more can be said. For discrete G we will show
that (wQAP) and (QAP) are in fact equivalent and that both are equivalent to an
approximation property (AP) as introduced by Exel in the more general setting of
Fell bundles ([28]). As an application we answer a question of Exel on the nuclearity
of cross-sectional C˚-algebras of Fell bundles B over G.
As an example of the sort of equivalence of approximation properties we get,
let us state a very strong version, which comes about by combining our work and
recent work of Suzuki [51]. To state the theorem, fix a non-principal ultrafilter ω on
the natural numbers, let Aω be the associated (norm) ultrapower of A, and AωXA1
the associated central sequence algebra.
Theorem 1.5. Let G be countable and discrete, and let pA,αq be a separable unital
G-C˚-algebra. The following are equivalent:
(1) There exists a net tθi : G Ñ ZpA˚˚qu of finitely supported functions of
positive type such that }θipeq} ď 1 for all i P I and θipgq Ñ 1A˚˚ ultraweakly
and for all g P G (i.e. the action is amenable).
(2) There exists a sequence tθn : GÑ Aω XA1u of finitely supported functions
of positive type such that }θnpeq} ď 1 for all n P N and θnpgq Ñ 1AωXA1 in
norm and for all g P G.
Although the conditions in the theorem look similar – both involve nets of finitely
supported positive type functions into some large algebra associated to A satisfying
a centrality condition, and converging pointwise to the identity – we should empha-
size that the proof we know is quite difficult and indirect. The second characteriza-
tion above plays a crucial role in recent work of Suzuki ([51]) on the classification
of actions of exact groups on certain unital C˚-algebras; this seems likely to lead to
more applications of this property in the structure and classification of C˚-algebras
in future.
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1.2. The weak containment problem. Using approximations by positive type
functions, we show that amenability of pA,αq implies that the canonical quotient
map A ¸max G Ñ A ¸red G is an isomorphism. The weak containment problem
asks whether the converse holds true as well. For the class of exact groups G and
commutative G-C˚-algebras A, we can give a complete answer to this problem.
Theorem 1.6. Let G be a locally compact and exact group, and let A “ C0pXq be
a commutative G-C˚-algebra. Then the following are equivalent:
(i) the G-C˚-algebra A is amenable;
(ii) the canonical quotient map A¸max GÑ A¸red G is an isomorphism.
If, in addition, G and X are second countable, then the above are equivalent to:
(iii) for every quasi-invariant Radon measure µ on X, the G-von Neumann
algebra L8pX,µq is amenable.
The class of exact groups was introduced by Kirchberg and Wassermann in [40].
It is very large, containing for example all almost connected groups [41, Corollary
6.9]. The exactness assumption comes into play in our work via an important
characterization of the property due to Brodzki, Cave, and Li [16, Theorem 5.8].
Condition (iii) was introduced by Claire Anantharaman-Delaroche and Jean Re-
nault [7, Definition 3.3.1], who call it measurewise amenability; in [7, Theorem
4.2.7] it is shown to be equivalent to saying that for every quasi-invariant Radon
measure µ on X , the measure space pX,µq is amenable in the classical sense of
Zimmer [55, Definition 1.4]. With the help of [10, Theorem 3.6] we can prove that
(i) and (iii) are equivalent for second countable G and X even without the exactness
assumption on G, which shows that our definition of amenability nicely extends the
notion of measurewise amenability for actions on spaces.
Notice that by the work of Bearden-Crann [10, Corollary 4.14] amenability of
an action α : G Ñ AutpC0pXqq is always equivalent to topological amenability
of the underlying action Gñ X . Combining this with the above results implies a
positive answer to the long standing open question whether topological amenability
and measurewise amenability for an action G ñ X coincide for second countable
G and X .
In the case of discrete G and unital A, Theorem 1.6 is due to Matsumura [43,
Theorem 1.1]. Our proof is different to Matsumura’s, relying heavily on ideas from
our earlier work [20].
For actions on noncommutative C˚-algebras we can show that weak contain-
ment is related to a variant of amenability which is defined in terms of covariant
representations: a covariant representation pπ, uq of pA,αq is commutant amenable
if there exists a net tθi : G Ñ πpAq1u of continuous compactly supported positive
type functions which approximates 1Hπ (for a precise statement see Definition 5.7).
Theorem 1.7. Let G be a locally compact exact group, and let pA,αq be a G-C˚-
algebra. Then the following are equivalent:
(i) every covariant representation pπ, uq of pA,G, αq is commutant amenable;
(ii) the canonical quotient map A¸max GÑ A¸red G is an isomorphism.
Condition (i) above is implied by amenability of pA,αq; indeed, it seems quite
difficult to check without knowing amenability of pA,αq. It is therefore surprising
that we are able to show that amenability of pA,αq is not equivalent to condition
(ii) above in general:
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Theorem 1.8. There is an action of G “ PSLp2,Cq on the compact operators K
that is non-amenable, but such that the canonical quotient map K¸maxGÑ K¸redG
is an isomorphism.
On the other hand, we do see that amenability characterizes a version of the
weak containment property.
Theorem 1.9. Let G be a locally compact exact group, and let pA,αq be a G-C˚-
algebra. Then the following are equivalent:
(i) pA,αq is amenable;
(ii) for every G-C˚-algebra B, the canonical quotient map pAbmaxBq ¸maxGÑ
pAbmax Bq ¸red G is an isomorphism;
(iii) the canonical quotient map pA bmax Aopq ¸max G Ñ pA bmax Aopq ¸red G is
an isomorphism.
The second condition was introduced by Anantharaman-Delaroche [6, Definition
6.1], who called it weak amenability in the case where the maximal tensor product
was replaced by the spatial one. Theorem 1.9 extends Matsumura’s [43, Theorem
1.1] which covers the case where G is discrete and A is a unital nuclear C˚-algebra
(see also [20, Proposition 5.9]). As an application, we get more permanence prop-
erties: if G is an exact group and pA,αq is an amenable G-C˚-algebra, then the
restriction of the action to any closed subgroup of G is also amenable.
1.3. Regular X ¸ G algebras and type I C˚-algebras. In the case that the
C˚-algebra being acted on has a good structure, we are able to say much more,
and get several interesting permanence properties and applications. These results
mainly seem to be new even in the discrete case.
Let X be a locally compact G-space. An X¸G-C˚-algebra is a C˚-algebra that
fibres over X in a way that is compatible with the given actions. Such C˚-algebras
are important in the theory of induced representations, and in the theory around
the Baum-Connes conjecture (among other places).
In the case that the G-action on X is sufficiently well-behaved (the technical
condition needed is regularity - see Definition 6.1) we can use our results on weak
containment to deduce that amenability for a regular X ¸ G-C˚-algebra is deter-
mined by the actions on the fibres.
Theorem 1.10. Suppose that G is an exact group and that X is a regular locally
compact G-space. Further let pA,αq be an X ¸G-algebra. Then the following are
equivalent:
(1) α : GÑ AutpAq is amenable.
(2) For every x P X the action αx : Gx Ñ AutpAxq on the fibre Ax is amenable.
As a corollary, we get yet another permanence result: an induced action of an
exact group from a closed subgroup is amenable if and only if the original action
was. This partly generalizes a result of Anantharaman-Delaroche from the discrete
case [5, The´ore`me 4.6].
Specializing to actions on type I C˚-algebras, we can also show that suitable
amenable actions on type I algebras are determined by amenability of the actions
on the point stabilizers.
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Theorem 1.11. Suppose that G is a second countable exact locally compact group
and α : GÑ AutpAq a strongly continuous action of G on the separable type I C˚-
algebra A such that the corresponding action on pA is regular. Then α is amenable
if and only if all stabilizers Gπ for the action of G on pA are amenable.
In the case of Hausdorff spectrum, we get the following very satisfactory char-
acterization of amenability. Unlike the results above, the theorem below does not
proceed via our results on weak containment, and so does not require exactness.
Theorem 1.12. Let α : G Ñ AutpAq be an action of a second countable locally
compact group on a separable type I algebra A such that X “ pA is Hausdorff
(for example, if A has continuous trace). Then α is amenable if and only if the
corresponding action on C0pXq is amenable.
Note that combining our work with the work of Bearden-Crann [10, Corollary
4.14], this shows that in the situation of the theorem above, α is amenable if and
only if the action on X is topologically (or measurewise) amenable.
1.4. Regularity properties. We also study the interaction of amenability with
other regularity properties of C˚-algebras and G-C˚-algebras.
For discrete groups, it is a well-known philosophy that if pA,αq is an amenable
G-C˚-algebra, then regularity properties such as nuclearity should be inherited by
the crossed product A ¸red G. For our notion of amenability and locally compact
groups, we get the following results. No doubt more could be said here: we just
give these results as these seemed some of the most important regularity properties.
Theorem 1.13. Let pA,αq be an amenable G-C˚-algebra. Then A is nuclear
(respectively is exact, has the WEP, has the LLP) if and only if A¸maxG is nuclear
(respectively is exact, has the WEP, has the LLP).
In the discrete case, the results on nuclearity and exactness are well-known:
see for example [17, Theorem 4.1.8]. In the discrete case, the result on the WEP
appears in [14], although our proof is quite different.
We turn now to G-injective C˚-algebras. A G-C˚-algebra A is injective if for
any commutative diagram
C
❅
❅
❅
❅
B
OO
// A
where the solid arrows are equivariant ˚-homomorphisms and the vertical arrow
is injective, the diagonal arrow can be filled in by an equivariant ccp map. The
following theorem generalizes work of Brodzki-Cave-Li [16] and of Kalantar and
Kennedy [39, Theorem 1.1] characterizing exactness in terms of actions on injective
G-C˚-algebras.
Theorem 1.14. Let G be a locally compact group. Then the following are equiva-
lent:
(1) G is exact.
(2) Every G-injective G-C˚algebra pA,αq is strongly amenable.
(3) There exists a strongly amenable G-injective G-C˚-algebra pA,αq.
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Finally in the circle of ideas about regularity, we introduce a weakening of in-
jectivity called the continuous G-WEP. A G-C˚-algebra pA,αq has the continuous
G-WEP if for any equivariant inclusion B ãÑ A of aG-C˚-algebra pB, βq into pA,αq,
there is an equivariant ccp map AÑ B2β such that the composition B Ñ AÑ B2β
is the canonical inclusion of B into its enveloping von Neumann algebra. For ac-
tions on suitably nice C˚-algebras, this property is closely related to amenability.
Indeed, one has
Theorem 1.15. Let G be an exact group, and let pA,αq be a nuclear G-C˚-algebra.
Then pA,αq is amenable if and only if it has the continuous G-WEP.
We conclude with the following result on a variant of the weak containment
property.
Theorem 1.16. Let pA,αq be a commutative G-C˚-algebra. Then pA,αq has the
continuous G-WEP if and only if A¸max G “ A¸inj G.
We will not explain all the terminology here, but just state that this is one of the
most general forms of the equivalence between a variant of the weak containment
property and a variant of an amenability property; indeed, it reduces to Theorem
1.6 when G is exact. Outside the exact case, weak containment unfortunately
remains quite mysterious, and the above is currently the most interesting result we
know in that direction.
1.5. Outline of the paper. In Section 2 we study one of the main actors in
this paper: Ikunishi’s enveloping G-von Neumann algebra pA2α, α2q of a G-C˚-
algebra pA,αq. We show that the construction pA,αq ÞÑ pA2α, α2q has nice functorial
properties, similar to the usual bidual construction A ÞÑ A˚˚. Our construction is
different from the one given by Ikunishi in [37], but it follows from the universal
properties of pA2α, α2q that both constructions coincide.
In Section 3 we introduce several notions of amenability and study some relations
between approximation properties by positive type functions and our notions of
amenable actions. In particular, we show that amenability of an action is equivalent
to the (wQAP), thus giving a characterization of amenability that does not factor
through von Neumann algebra theory. We also prove basic permanence properties
of amenability.
In Section 4 we restrict our attention to actions by discrete groups and show
that in this case amenability of an action α : G Ñ AutpAq is equivalent to the
quasi-central approximation property (QAP), as introduced by the authors in [20,
Section 3], and to Exel’s approximation property (AP) as introduced in [28]. As an
application we solve a long standing open question due to Exel on the nuclearity of
cross-sectional C˚-algebras of Fell bundles B over G.
In Section 5 we study the relation between amenability of actions and the weak
containment property. In particular, we prove Theorem 1.7. Section 5.1 stud-
ies amenability for actions on commutative C˚-algebras and contains the proof
of Theorem 1.6. A key tool here is the use of the Haagerup standard form of a
G-von Neumann algebra. In Section 5.2 we give a proof of Theorem 1.9 and we
use this theorem as a tool to study amenability for various interesting actions, like
restrictions to subgroups or induced actions. In Section 5.3 we construct our ex-
amples of non-amenable actions α : GÑ AutpKq with K “ KpHq for some Hilbert
space H , such that K¸maxG – K¸redG, thus a counterexample to the weak con-
tainment problem. The example is based on an analysis of twisted group algebras
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C˚maxpG,ωq and C˚redpG,ωq for suitable circle-valued Borel 2-cocycles ω : GˆGÑ T
for G “ PSLp2,Cq (or G “ PSLp2,Rq) which are related to the harmonic analysis
of SLp2,Cq (or SLp2,Rq).
In Section 6 we study some applications to C˚-algebras with particularly nice
structure. In Section 6.1 we show that if A is an X ¸ G-algebra in which X is a
regular G-space (with G exact) then the action of G on A is amenable if and only
if each stabilizer Gx acts amenably on the fibre Ax. A similar result holds true
for type I G-C˚-algebras with G acting regularly on the dual pA. In Section 6.2 we
show that actions of second countable groups on separable type I algebras A with
Hausdorff spectrum pA are amenable if and only if the corresponding action Gñ pA
is (measurewise) amenable.
In Section 7 we study the relation of amenability to regularity properties. In
Section 7.1 we show if pA,αq is an amenable action then nuclearity, exactness, the
WEP, and the LLP for A are all equivalent to the corresponding properties for the
crossed product A ¸max G “ A ¸red G. We then turn to injectivity, proving the
above-mentioned characterization of exactness. Finally, we introduce our equivari-
ant version of the weak expectation property of Lance, the continuous G-WEP, and
prove Theorem 1.15 and Theorem 1.16 as stated above.
In Section 8 we summarize some natural questions which arise from the results
in this paper. After we circulated a first preprint of this paper, some of our original
questions had been answered by Bearden and Crann in [10], and we also discuss
those in this section.
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2. The enveloping von Neumann algebra of a C˚-action
2.1. Some preliminaries. In this work, BpHq refers to the bounded operators on
a Hilbert space H . We will follow standard usage, and say that a net paiq in BpHq
converges weakly if it converges in the weak operator topology (not in the weak
topology that BpHq inherits from its dual space). The ultraweak topology on a
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von Neumann algebra M will refer to the weak-˚ topology coming from its unique
predual; if M Ď BpHq is a concrete von Neumann algebra, then the weak operator
topology inherited from BpHq agrees with the ultraweak topology on bounded sets
(but not in general). As we will almost always be interested in convergence of
bounded nets, we will sometimes elide the difference between weak and ultraweak
convergence when we are dealing with a concrete von Neumann algebra.
If A is a G-C˚-algebra (or G-von Neumann algebra) associated algebras and
spaces such as the multiplier algebra MpAq, the centre ZpAq, the dual A˚, and the
double dual A˚˚ will be equipped with the canonically induced actions. We warn
the reader that even if the action of G on A is strongly continuous, the induced
actions of G on A˚ and MpAq will typically not be strongly continuous, and the
induced action on A˚˚ will typically not even be ultraweakly continuous.
If A is a C˚-algebra (or von Neumann algebra) equipped with a (not necessarily
continuous) action α : GÑ AutpAq, we will write Ac for the collection of all a P A
such that the map g ÞÑ αgpaq is norm continuous; note that norm continuity is
used here, even if A was originally a von Neumann algebra. We then have that
Ac is a G-C
˚-algebra with the naturally induced structures. Throughout, a G-map
always means a G-equivariant map between sets equipped with G-actions. This
terminology might be combined with other terminology in what we hope is an
obvious way: for example, G-embedding, ccp G-map, normal G-map etc. If µ is a
positive Radon measure on a locally compact space X and M is a von Neumann
algebra, then L8pX,Mq denotes the von Neumann tensor product L8pX,µqb¯M .
We refer to [52, Theorem 7.17] for the relationship between L8pX,Mq and the
bounded ultraweakly measurable functions from X to M .
For a G-C˚-algebra A we regard CcpG,Aq, the space of compactly supported
continuous A-valued functions on G, as a ˚-algebra with convolution and involution
given by
f1 ˚ f2pgq “
ż
G
f1phqαhpf2ph´1gqq dh and f˚pgq “ ∆pg´1qαgpfpg´1qq˚
for f, f1, f2 P CcpG,Aq and g P G, where the integral is with respect to Haar
measure on G and ∆ : G Ñ p0,8q denotes the modular function on G. A co-
variant homomorphism pπ, uq : pA,Gq Ñ MpDq for a C˚-algebra D consists of a
˚-homomorphism π : A Ñ MpDq together with a strictly continuous homomor-
phism u : GÑ UMpDq; g ÞÑ ug into the group of unitaries of MpDq such that for
all a P A and g P G we have
πpαgpaqq “ ugπpaqu˚g .
We say that pπ, uq is nondegenerate, if π : AÑMpDq is nondegenerate in the sense
that πpAqD “ D. If D is the algebra KpHq of compact operators on a Hilbert space
H , thenMpDq “ BpHq and then pπ, uq is a covariant homomorphism on the Hilbert
space H in the usual sense. Every covariant homomorphism pπ, uq of pA,G, αq into
MpDq integrates to a ˚-homomorphism
π ¸ u : CcpG,Aq ÑMpDq; π ¸ upfq “
ż
G
πpfpgqug dg.
The maximal crossed product A¸maxG is defined as the completion of CcpG,Aq by
the C˚-norm
}f}max “ sup
pπ,uq
}π ¸ upfq}.
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By construction, every integrated form π¸u : CcpG,Aq ÑMpDq extends uniquely
to a ˚-homomorphism of A¸maxG and this implements a one-to-one correspondence
between nondegenerate covariant homomorphisms of pA,G, αq and nondegenerate
˚-homomorphisms of A¸max G – the reverse of pπ, uq ÞÑ π ¸ u is given by sending
a nondegenerate ˚-homomorphism Φ : A¸max GÑMpDq to the covariant homo-
morphism pΦ ˝ iA,Φ ˝ iGq, where piA, iGq : pA,Gq ÑMpA¸maxGq is the covariant
homomorphism given by`
iApaqf
˘phq “ afphq and`iGpgqf˘phq “ αgpfpg´1hqq,
with f P CcpG,Aq, a P A, and g, h P G. We call piA, iGq the canonical representation
of pA,G, αq into MpA¸max Gq.
If A¸maxGÑ BpHuq denotes the universal representation of A¸maxG, i.e. the
direct sum of all cyclic representations, then extending this representation (uniquely
and faithfully) to MpA ¸max Gq, we may (and will) identify piA, iGq with the un-
derlying covariant representation of pA,G, αq on Hu.
The regular representation of pA,G, αq is the covariant representation
pirA, irGq :“
`pidA bMq ˝ α˜, 1b λG˘
of pA,Gq to MpA b KpL2pGqqq in which λG : G Ñ UpL2pGqq denotes the left
regular representation, M : C0pGq Ñ BpL2pGqq denotes the representation by
multiplication operators, and α˜ : A Ñ CbpG,Aq Ď MpA b C0pGqq is defined by`
α˜paq˘pgq “ αg´1paq. The reduced crossed product A¸redG is defined as the image
of the integrated form (also called regular representation)
ΛpA,αq : A¸max G։ A¸red G ĎMpAbKpL2pGqqq
of pirA, irGq. One of the main topics of this work is the question of when the regular
representation gives an isomorphism A¸max G – A¸red G.
2.2. The enveloping von Neumann algebra of a C˚-action. Let pA,αq be a
G-C˚-algebra and let piA, iGq : pA,Gq Ñ BpHuq be the covariant representation of
pA,Gq underlying this universal representation A ¸max G Ñ BpHuq as explained
above. We make the following
Definition 2.1. With notation as above, the enveloping G-von Neumann algebra
of pA,αq is defined to be
A2α :“ iApAq2 Ď BpHuq.
Note that A2α is a G-von Neumann algebra with G-action given by α
2 :“ AdiG.
By the universal property of A˚˚ we always get a G-equivariant normal surjective
˚-homomorphism
i˚˚A : A
˚˚ Ñ iApAq2 “ A2α.
If G is discrete, or more generally if the G-action on A˚˚ is ultraweakly continuous
(i.e. if A˚˚ is a G-von Neumann algebra), then this ˚-homomorphism is in fact
injective1, so gives an isomorphism A˚˚ – A2α. This is not true in general if G is
locally compact. For example, if A “ C0pGq equipped with the (left) translation
action τ , then C0pGq ¸max G – KpL2pGqq and therefore C0pGq2τ – L8pGq. For
non-discrete locally compact groups, the induced map i˚˚
C0pGq
: C0pGq˚˚ Ñ L8pGq
is always a proper quotient: indeed, the left hand side contains the characteristic
1This follows from Proposition 2.2 below which gives a normal ˚-homomorphism A2α Ñ A
˚˚
splitting i˚˚
A
: A˚˚ Ñ A2α in those cases.
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function χtgu of any singleton as a non-zero element, but such elements have non-
zero image under i˚˚
C0pGq
if and only if points in G have non-zero measure, so if and
only if G is discrete.
The algebra A2α enjoys the following universal property for covariant representa-
tions:
Proposition 2.2. Let pA,αq be a G-C˚-algebra, and let pπ, uq : pA,Gq Ñ BpHπq
be a nondegenerate covariant representation. Let απ “ Adu denote the action of G
on πpAq2 given by conjugation with u. Then there exists a unique normal α2´απ-
equivariant surjective ˚-homomorphism
π2 : A2α Ñ πpAq2
which extends π.
Proof. Consider the diagram of normal maps
(1) A˚˚
i˚˚A //
π˚˚ ##❋
❋
❋
❋
❋
❋
❋
❋
❋
A2α
✤
✤
✤
  // pA¸max Gq˚˚
pπ¸uq˚˚

πpAq2   // π ¸ upA¸max Gq2
.
We need to fill in the dashed arrow with a normal map π2. The left triangle is
well defined and commutative on A. Therefore the composition pπ ¸ uq˚˚ ˝ i˚˚A
coincides with π˚˚ on A, and since both maps are normal, they must coincide on
A˚˚. Since the left upper arrow and the diagonal arrow are both surjective, the
result follows. 
Corollary 2.3. Suppose that pM,σq is a G-von Neumann algebra and let ϕ :
A Ñ M be a G-equivariant ˚-homomorphism. Then there is a unique normal G-
equivariant extension ϕ2 : A2α Ñ M , which is surjective if (and only if) ϕpAq is
ultraweakly dense in M .
Proof. Using Haagerup’s standard form [34] (or Theorem 5.12 below), there exists
a faithful normal representationM Ď BpHq on some Hilbert space H together with
a strongly continuous unitary representation u : G Ñ UpHq such that σ “ Adu.
Then H 1 “ ϕpAqH is a u-invariant closed subspace and we can apply Proposition
2.2 to the nondegenerate covariant representation pϕ, uq of pA,G, αq on H 1, giving
an extension ϕ2 : A2α Ñ BpH 1q. The image of ϕ2 is contained in the ultraweak
closure of ϕpAq in BpH 1q, which equals the ultraweak closure of ϕpAq in BpHq, and
is therefore contained in M . 
It follows that A2α is the ‘biggest’ G-von Neumann algebra containing A as
an ultraweakly-dense G-invariant C˚-subalgebra. This implies in particular that
pA2α, α2q coincides with the universalW˚-dynamical system attached to pA,αq con-
structed by Ikunishi in [37, Theorem 1].
Notice that A2α contains (a copy of)MpAq as a unital G-invariant C˚-subalgebra.
To see this, let iA : AÑ BpHuq be the canonical representation of A in the universal
representation of A ¸max G. As this representation is faithful and nondegenerate,
MpAq identifies canonically with the idealizer of iApAq in BpHuq. The idealizer is,
however, easily seen to lie in the bicommutant A2α of iApAq Ď BpHuq. From this,
we see that the construction A ÞÑ A2α has good functoriality properties:
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Proposition 2.4. Let pA,αq and pB, βq be G-C˚-algebras, and let φ : AÑMpBq
be a (possibly degenerate) G-equivariant ˚-homomorphism. Then there is a unique
normal G-equivariant extension φ2 : A2α Ñ B2β of π.
Moreover, this correspondence gives a well-defined functor pA,αq ÞÑ pA2α, α2q
from the category of G-C˚-algebras and equivariant ˚-homomorphisms to the cate-
gory of G-von Neumann algebras and equivariant normal ˚-homomorphisms.
Proof. To construct φ2, identify MpBq with a C˚-subalgebra of M :“ B2β , and
apply Corollary 2.3. The functoriality statement follows as the maps involved are
normal extensions from ultraweakly dense subalgebras. 
Above, we identified A2α with the image of A
˚˚ in pA¸maxGq˚˚ under the normal
extension of the canonical map iA : A Ñ pA ¸max Gq˚˚. Before we proceed, we
want to observe that we get the same G-von Neumann algebra by using the reduced
crossed product instead:
Lemma 2.5. Let pA,αq be a G-C˚-algebra. Then A2α is (isomorphic to) the image
of A˚˚ in pA ¸red Gq˚˚ under the normal extension pιrAq˚˚ of the canonical map
irA : AÑ pA¸red Gq˚˚.
Proof. Let iA : AÑ BpHuq be the usual representation, and write i : A2α Ñ BpHuq
for the identity representation, which is the unique normal map extending iA. For
any representation σ : B Ñ BpHq of a G-C˚-algebra (respectively, G-von Neumann
algebra) pB, βq, write rσ : B Ñ BpL2pG,Hqq for the representation defined by
prσpbqξqpgq :“ βg´1pbqξpgq.
The representation rσ is faithful (respectively faithful and normal) whenever σ is.
Moreover, it is covariant for the representation λ : G Ñ UpBpL2pG,Hqqq defined
by pλgξqphq :“ ξpg´1hq, and the integrated form rσ¸λ factors through the reduced
crossed product B ¸red G.
Applying this to the representations iA and i gives representationsriA ¸ λ : A¸red GÑ BpL2pG,Huqq and ri : A2α Ñ BpL2pG,Huqq.
Now, consider the diagram
A2α
i //
ri ++❲❲❲❲❲❲❲❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲ pA¸max Gq˚˚ // pA¸red Gq˚˚
pĂiA¸λq˚˚

BpL2pG,Huqq
,
where the map pA ¸max Gq˚˚ Ñ pA ¸red Gq˚˚ is the canonical quotient. This
commutes: indeed, it clearly commutes on A, and all the maps are normal. The
lemma states that the composition of the two horizontal maps is injective; however,
the diagonal map is injective as we have already observed, so we are done. 
Remark 2.6. Note that the image of the homomorphism p riA ¸ λq˚˚ in the proof
above equals
r riApAqp1 b λqpGqs2 “ ripA2αqp1b λqpGqs2 Ď BpHu b L2pGqq
which is the von Neumann algebra crossed product A2α ¯¸G.
In the remainder of this section, we show that the functor A ÞÑ A2α has good
behaviour on injections, short exact sequences, and Morita equivalences. First:
14 ALCIDES BUSS, SIEGFRIED ECHTERHOFF, AND RUFUS WILLETT
Corollary 2.7. If pA,αq and pB, βq are G-C˚-algebras and ϕ : AÑ B is an injec-
tive G-equivariant ˚-homomorphism, then the unique normal extension ϕ2 : A2α Ñ
B2β is still injective.
Proof. Consider the commutative diagram
A2α
φ2 //

B2β

pA¸red Gq˚˚
pφ¸Gq˚˚// pB ¸red Gq˚˚,
where the vertical maps are the inclusions of Lemma 2.5. The reduced crossed
product functor and the double dual functor take injective ˚-homomorphisms to
injective ˚-homomorphisms, whence pφ ¸Gq˚˚ is an injection, so φ2 is too. 
The following result shows that the functor pA,αq ÞÑ pA2α, α2q has very good
behaviour on short exact sequences: it converts short exact sequences into direct
sums, just as for the usual double dual.
Lemma 2.8. Suppose that I ãÑ A։ B is a short exact sequence of G-C˚-algebras,
with actions on I, A, and B called ι, α, and β respectively. Then there is a
functorial direct sum decomposition pA2α, α2q “ pI2ι , ι2q ‘ pB2β , β2q.
Proof. As the maximal crossed product is an exact functor, the sequence
I ¸max G 
 // A¸max G // // B ¸max G
is exact. As taking double duals converts short exact sequences to direct sums, we
thus get a canonical isomorphism
(2) pA¸max Gq˚˚ – pI ¸max Gq˚˚ ‘ pB ¸max Gq˚˚.
Consider now the diagram
pI ¸max Gq˚˚ 
 // pI ¸max Gq˚˚ ‘ pB ¸max Gq˚˚ // // pB ¸max Gq˚˚
I2ι
?
OO
// A2α
?
OO
// B2β
?
OO
where the vertical arrows are the canonical inclusions and we have used the identifi-
cation from line (2). The map I2ι Ñ A2α is injective by a diagram chase (or Lemma
2.7). Hence if p P A2α is the image of the unit of I2ι , we get a canonical identification
I2ι – pA2α. The map A2α Ñ B2β is surjective as it is normal and has weakly dense
image. A diagram chase and the fact that the vertical maps are unital gives now a
canonical identification p1 ´ pqA2α – B2β , so we are done. 
We close this section with
Lemma 2.9. If pA,αq and pB, βq are two Morita equivalent G-C˚-algebras, then
pA2α, α2q and pB2β , β2q are (von Neumann) Morita equivalent G-von Neumann al-
gebras.
Proof. If pA,αq is Morita equivalent to pB, βq, then there is a (linking) G-C˚-
algebra pL, δq containing A and B as opposite full corners by G-invariant orthogonal
full projections p, q P MpLq. But then the enveloping G-von Neumann algebra of
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the corner pLp identifies with the corner pL2δp in L
2
δ , and since p is full in L, it is
also full in L2δ in the sense that the ideal of L
2
δ generated by p is ultraweakly dense.
A similar argument shows that pqBqq2β “ qL2δq and the result follows. 
2.3. The predual of the enveloping G-von Neumann algebra. It follows
from the universal property of the enveloping G-von Neumann algebra pA2α, α2q as
stated in Corollary 2.3 that it coincides with the universal W˚-dynamical system
pM,G, α¯q attached to pA,αq as constructed by Ikunishi in [37, Theorem 1]. In
the proof of that theorem, Ikunishi describes M as the quotient of A˚˚ by the
annihilator pA˚,cqK of the space A˚,c consisting of all elements ϕ P A˚ such that
the map g ÞÑ α˚g pϕq defined by α˚g pϕqpaq :“ ϕpαg´1 paqq is norm continuous. It
follows that A˚,c naturally identifies with the predual of A2α –M .
As an application of this observation we now see that the assignment pA,αq ÞÑ
pA2α, α2q is also functorial for equivariant ccp maps, which we now deduce from
Ikunishi’s construction of A2α as the dual of A
˚,c:
Corollary 2.10. The assignment A ÞÑ A2α functorially takes equivariant ccp maps
to equivariant and normal ccp maps.
Proof. Let φ : A Ñ B be an equivariant ccp map. Taking the dual and restricting
to B˚,c gives an equivariant contraction B˚,c Ñ A˚. However, this map clearly
takes image in A˚,c, so we get an equivariant map φ˚ : B˚,c Ñ A˚,c. Taking the
dual again gives an ultraweakly continuous equivariant map φ˚˚ : A2α Ñ B2β . This
extended map is ccp as its restriction to A is ccp, and as A is ultraweakly dense.
Functoriality follows from routine checks. 
In order to give a better description of A˚,c, note that L1pGq acts on A and A˚
via the formulas
(3) h ˚ a :“
ż
G
hpgqαgpaqdg and h ˚ φ :“
ż
G
hpgqα˚g pφqdg
(the former integral converges in the norm topology, and the latter in the weak-˚
topology). Moreover, for any a P A and φ P A˚, one has the formula
ph ˚ φqpaq “
ż
G
hpgqpα˚gφqpaqdg “
ż
G
hpgqφpαg´1paqqdg
“
ż
G
hpg´1q∆pg´1qφpαgpaqqdg.
Hence for any a P A, φ P A˚ and h P L1pGq, if we define hˇ :“ hpg´1q∆pg´1q, we
get the formula
(4) ph ˚ φqpaq “ φphˇ ˚ aq.
The following proposition is probably well-known to experts. As pointed out in
[10] it can be deduced from [33, Proposition 3.4(i)] that the span of L1pGq ˚A˚ :“
tf ˚ ϕ : f P L1pGq, ϕ P A˚u is dense in A˚,c, and the proposition then follows from
an application of the Cohen-Hewitt factorization theorem [36, Theorem (2.5)].
Proposition 2.11. For any G-C˚-algebra pA,αq we have
A˚,c “ L1pGq ˚A˚,c “ L1pGq ˚A˚. 
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3. Amenable actions
In this chapter we introduce various different notions of amenability for actions
of locally compact groups on C˚-algebras which are inspired by the definition of
amenable actions by Anantharaman-Delaroche in case of discrete groups.
3.1. Amenable actions. IfM is aG-von Neumann algebra, we denote by L8pG,Mq
the von Neumann algebra tensor product L8pGqbM equipped with the tensor
product action. We identify M with the subalgebra 1bM of L8pG,Mq. As men-
tioned in the introduction, Anantharaman-Delaroche [3, De´finition 3.4] defined a
continuous action of G on a von Neumann algebra to be amenable if there is an
equivariant conditional expectation
P : L8pG,Mq ÑM.
Later in [5, De´finition 4.1], Anantharaman-Delaroche defined an action of a discrete
group on a C˚-algebra A to be amenable if the induced action on the double dual
A˚˚ is amenable in the sense above. However, this does not make sense for general
actions of locally compact groups, as A˚˚ is not a G-von Neumann algebra in
general. Replacing A˚˚ by A2α in case where G is a general locally compact group,
we can introduce
Definition 3.1. A G-C˚-algebra pA,αq (or just the action α) is called von Neu-
mann amenable (vN), if there exists a G-equivariant conditional expectation
P : L8pG,A2αq Ñ A2α.
Remark 3.2. It has been shown in [4, Corollaire 3.7] that an ultraweakly continuous
action of G on a von Neumann algebra M is amenable if and only if its restriction
to ZpMq is amenable as well. Thus the above definition is equivalent to saying that
there exists a G-equivariant conditional expectation
(5) P : L8
`
G,ZpA2αq
˘Ñ ZpA2αq.
Although Definition 3.1 is a straightforward extension of the established defi-
nition of amenable actions for discrete groups, it is not the most useful one for
studying the behaviour of the associated crossed products. In the case of discrete
groups Anantharaman-Delaroche was able to characterize amenability in terms of
several approximation properties involving functions of positive type. The following
is based on [5, Definition 2.1]
Definition 3.3. Let pA,αq be a G-C˚-algebra, or G-von Neumann algebra. A
function θ : G Ñ A is of positive type (with respect to α) if for every finite subset
F Ď G the matrix `
αgθpg´1hq
˘
g,hPF
PMF pAq
is positive.
If A is a G-C˚-algebra, then the prototypical examples of positive type functions
are given by θpgq “ xξ | γgpξqyA, where ξ is a vector in a G-equivariant Hilbert A-
module pE, γq. Indeed, it is shown in [5, Proposition 2.3] that every continuous
positive type function into a G-C˚-algebra is associated to some G-equivariant
Hilbert A-module pE, γq as above.
Definition 3.4. A G-C˚-algebra pA,αq (or just the action α) is called
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(A) amenable if there exists a net of norm-continuous, compactly supported,
positive type functions θi : G Ñ ZpA2αq such that }θipeq} ď 1 for all i P I,
and θipgq Ñ 1A2α ultraweakly and uniformly for g in compact subsets of G;
and
(SA) strongly amenable if there exists a net of norm-continuous, compactly sup-
ported, positive type functions θi : G Ñ ZMpAq such that }θipeq} ď 1
for all i P I, and θipgq Ñ 1ZMpAq strictly and uniformly for g in compact
subsets of G.
The next several remarks record connections between these notions and the ex-
isting literature.
Remark 3.5. As already mentioned in the introduction, if A “ C0pXq is commuta-
tive, then it follows from [6, Proposition 2.5] that strong amenability of an action
α : G Ñ AutpAq is equivalent to topological amenability of the transformation
groupoid X ¸G for the underlying action Gñ X .
More precisely, if phiq is a net in CcpX ˆ Gq satisfying the assumptions in [6,
Proposition 2.5, part (3)], then θi : G Ñ C0pXq defined by θipgqpxq :“ hipx, gq
satisfies the assumptions needed for (SA). Conversely, if θi : G Ñ MpC0pXqq
satisfies the conditions in (SA), let pejq be an approximate unit for C0pXq contained
in CcpXq, and define hij P CcpX ˆGq by hijpx, gq “ ejpxqθipgqpxqαgpejqpxq. Then
phijq satisfies the conditions in [6, Proposition 2.5, part (3)].
Remark 3.6. If A is commutative andG is discrete, then (SA)ô(A) by [5, The´ore`me
4.9]. Since the inclusion iA : A ãÑ pA ¸max Gq˚˚ extends to a unital inclusion
of MpAq into A2α such that ZMpAq is mapped into ZpA2αq, we see that strong
amenability always implies amenability. In general, however, it follows from exam-
ples given by Suzuki in [50] that (SA) is strictly stronger than (A) even if G is a
discrete exact group and A is unital and nuclear.
Remark 3.7. If A is unital, then strict convergence in MpAq “ A coincides with
norm convergence. It follows that (SA) extends the notion of amenability defined
by Brown and Ozawa in [17, Definition 4.3.1].
Remark 3.8. If G is discrete then A2α “ A˚˚, and it follows from [5, The´ore`me
3.3] that amenability of pA,αq as in Definition 3.4 is equivalent to von Neumann
amenability (vN) as in Definition 3.1.
In what follows, recall from the introduction that if β : G Ñ AutpBq is any
homomorphism of G into the group of ˚-automorphisms of a C˚-algebra B, we
write Bc for the C
˚-subalgebra of B consisting of all elements b P B such that
GÑ B, g ÞÑ βgpbq is continuous in norm.
The following lemma is technically convenient, as it shows that we can replace
the codomain in Definition 3.4, (A) with a G-C˚-algebra.
Lemma 3.9. Let pM,σq be a G-von Neumann algebra. Then the following are
equivalent:
(1) there exists a net of norm-continuous, compactly supported, positive type
functions θi : GÑ ZpA2αq such that }θipeq} ď 1 for all i P I, and θipgq Ñ
1A2α ultraweakly (respectively, in norm) and uniformly for g in compact
subsets of G;
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(2) there exists a net of norm-continuous, compactly supported, positive type
functions θi : GÑ ZpA2αqc such that }θipeq} ď 1 for all i P I, and θipgq Ñ
1A2α ultraweakly (respectively in norm) and uniformly for g in compact sub-
sets of G.
Proof. The implication from (2) to (1) is clear, so we just need to prove that if pθiq
has the properties in (1), then we can build a net with the properties in (2).
Let tVj : j P Ju be a neighbourhood basis of e in G consisting of symmetric
compact sets over the directed set J such that Vj Ď Vj1 if j ě j1 and let pfjqjPJ
be an approximate unit of L1pGq of positive functions with ş
g
fjpgq dg “ 1 for all
j P J and such that supppfjq Ď Vj for all j P J . Assume further that there exists a
compact neighbourhood V0 of e such that Vj Ď V0 for all j P J .
For each pair pi, jq P I ˆ J we define
θi,jpgq :“
ż
G
fjpkqσkpθipk´1gkqq dk.
We claim that each θi,j is norm-continuous, compactly supported, positive type, and
takes values in Mc. Indeed, it is straightforward to check that the functions θi,j :
G Ñ M are compactly supported, and satisfy }θi,jpeq} ď 1 for all i, j. Moreover,
each is norm-continuous as θi is norm-continuous and compactly supported, so
uniformly norm-continuous. To see that each θi,j is positive type, let F be a finite
subset of G. Then
pσgθi,jpg´1hqqg,hPF “
ż
G
fjpkq
´
σgkpθipk´1g´1hkqq
¯
g,hPF
dk
“
ż
G
fjpkq
´
σgpθipg´1hqq
¯
g,hPFk
dk.
This is an ultraweakly convergent integral of positive matrices in MF pMq, so posi-
tive. Finally, to see that θi,j is valued in Mc, we note that for any g, h P G,
σhpθi,jpgqq “
ż
G
fjpkqσhkpθipk´1gkqqdk “
ż
G
fjph´1lqσlpθipl´1hgh´1lqqdl.
Norm-continuity of this in h follows from (uniform) norm-continuity of the original
θi, plus (uniform) norm-continuity of each fj for the translation action of G on
L1pGq.
Out of the functions tθi,ju we will construct a new net indexed over the directed
set consisting of all triples pK, ǫ, F q with K Ď G compact, ǫ ą 0 and F ĎM˚ finite
such that
pK, ǫ, F q ď pK 1, ǫ1, F 1q ðñ K Ď K 1, ǫ ě ǫ1 and F Ď F 1.
In order to construct the desired net, it suffices to show that, given such a triple
pK, ǫ, F q there exists a pair pi, jq P I ˆ J such that for all g P K and for all ψ P F
we have
|ψpθi,jpgq ´ 1M q| ă ǫ.
If we then put θpK,ǫ,F q :“ θi,j we obtain a net which satisfies (2).
Since θipgq Ñ 1M ultraweakly and uniformly on compact sets in G, we can find
an index i P I such that for all ψ P F and for all g P V0KV0 we get
|ψpθipgq ´ 1M q| ă ǫ
3
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Let 0 ‰ C ě maxt}ψ} : ψ P F u. Since θi : G Ñ M is norm-continuous, the
image θipV0KV0q is a norm-compact subset of M . We therefore find finitely many
elements g1, . . . , gr P V0KV0 such that θipV0KV0q Ď
Ťr
l“1 B ǫ3C pθipglqq. Since σ :
G Ñ AutpMq is ultraweakly continuous, we can further find an index j P J such
that for all k P Vj and for all ψ P Fˇˇ
ψ
`
σkpθipglqq ´ θipglq
˘ˇˇ ă ǫ
3
.
Then for all k P Vj , g P K and ψ P F we getˇˇ
ψpσkpθipk´1gkqq ´ 1M q
ˇˇ
ď ˇˇψ`σk`θipk´1gkqq ´ θipglq˘˘ˇˇ` ˇˇψ`θkpθipglqq ´ θipglq˘ˇˇ` |ψpθipglq ´ 1M q|
ď ǫ
3
` ǫ
3
` ǫ
3
“ ǫ
for a suitable l P t1, . . . , ru. We then conclude for all g P K and ψ P F , thatˇˇ
ψpσi,jpgq ´ 1M q
ˇˇ “ ˇˇˇˇż
G
fjpkqψ
`
σkpθipk´1gkq ´ 1M q
˘
dk
ˇˇˇˇ
ď
ż
G
fjpkq
ˇˇ
ψ
`
σkpθipk´1gkq ´ 1M
˘ˇˇ
dk
ď
ż
g
fjpkqǫ dk “ ǫ
and the result follows in the case of ultraweakly convergence θipgq Ñ 1M .
Suppose finally that θipgq Ñ 1M in norm uniformly for g in compact subsets of
G. Then, if K Ď G is compact and ǫ ą 0, let i0 P I such that }θipgq ´ 1M} ă ǫ for
all g P V0KV0 and i ě i0. Then, for all g P K, j P J , and i ě i0 we get
}θi,jpgq ´ 1M} ď
ż
G
fjpkq
››σk`θipk1gkq ´ 1M˘›› dk ď ż
g
fjpkqǫ dk “ ǫ,
which completes the proof. 
Remark 3.10. Let pA,αq be a G-C˚-algebra. Similarly to the proof of Lemma 3.9,
one can show that one can replace the codomain of the maps θi in Definition 3.4
(SA) with pZMpAqqc. We leave the details to the reader.
Our next goal is to show that in general we always have (SA)ñ(A)ñ(vN) and
that (A)ô(vN) if G is exact, as well as relating these to some other approximation
properties. Since we first circulated this paper, Bearden and Crann [10, Theorem
3.6] showed that (A)ô(vN) even without the exactness assumption. However,
the proof is different and much simpler in the exact case, so we still thought it
worthwhile to include our original arguments.
We need some preliminaries. For a G-C˚-algebra pA,αq, let L2pG,Aq be the
Hilbert A-module given as the completion of CcpG,Aq with respect to the A-valued
inner product
xξ |ηyA “
ż
G
ξpsq˚ηpsq ds.
There is a continuous action λα of G on L2pG,Aq given by
λαg pξqphq “ αgpξpg´1hqq,
which is easily seen to be compatible with the given action of G on A. We call λα
the α-regular representation of G on L2pG,Aq. It follows from [5, Proposition 2.5]
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that every continuous positive type function θ : GÑ A with compact support is of
the form
θpgq “ xξ |λαg ξyA
for some ξ P L2pG,Aq.
Lemma 3.11. Let A Ď BpHq be a concrete C˚-algebra and let α : G Ñ AutpAq
be a homomorphism (not necessarily continuous in any sense). Then the following
are equivalent:
(1) There exists a net pξiqiPI of vectors in the unit ball of L2pG,Acq such that
xξi |λαg ξiyAc Ñ 1H
weakly in BpHq and uniformly for g in compact subsets of G.
(2) There exists a net pξiqi in CcpG,Acq with }ξi}2 ď 1 for all i P I and
xξi |λαg ξiyAc Ñ 1H
weakly and uniformly for g in compact subsets of G.
(3) There exists a net pθiqiPI in CcpG,Acq of positive type functions such that
}θipeq} ď 1 for all i P I, and θipgq Ñ 1H weakly and uniformly for g in
compact subsets of G.
The same equivalences hold if we replace ‘weakly’ by ‘in norm’ everywhere, or
by ‘strictly in MpAqc’ everywhere.
Proof. (2) ñ (3) follows by defining θipgq “ xξi | λαg ξiyAc for all g P G and (3) ñ
(1) follows from [5, Proposition 2.5]. In order to show (1) ñ (2) let pξiqi be a net
of unit vectors in L2pG,Acq such that xξi | λαg ξiyAc Ñ 1H weakly and uniformly
for g in compact subsets of G. Since CcpG,Acq is dense in L2pG,Acq we can
find for each i P I and n P N an element ηi,n P CcpG,Aq with }ηi,n}2 ď 1 and
}ξi ´ ηi,n}2 ď 1n . Then, with the canonical order on I ˆ N one easily checks thatpηi,nqpi,nq satisfies the conditions in (2). For norm or strict approximation the
arguments are analogous. 
In what follows, for a G-von Neumann algebra M Ď BpHq with action σ : GÑ
AutpMq we denote by L2wpG,Mq the weak closure of L2pG,Mq inside BpH,L2pG,Hqq
where we view ξ P L2pG,Mq as the operator
H Q v ÞÑ ξ ¨ v P L2pG,Hq given by pξ ¨ vqpgq “ ξpgqv
for ξ P CcpG,Mq. Then the diagonal action λb σ of G on L2pG,Mq – L2pGq bM
(the tensor product here is the external tensor product of Hilbert modules) extends
to a weakly continuous action on L2wpG,Mq which is compatible with σ under the
M -valued inner product
xξ |ηyM “ ξ ¨ η˚ PM Ď BpHq.
Moreover, every function f P L8pG,Mq defines an adjointable operator on L2wpG,Mq
by the extension of the multiplication operator ξ ÞÑ f ¨ξ from L2pG,Mq to the weak
closure L2wpG,Mq.
The following result relates amenability of a G-von Neumann algebra to certain
approximation properties.
Proposition 3.12. Let pM,σq be a G-von Neumann algebra and consider the fol-
lowing assertions:
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(1) There is a net of compactly supported continuous positive type functions
θi : GÑ ZpMqc with }θipeq} ď 1 and θipgq Ñ 1 in norm uniformly for g in
compact subsets of G.
(2) There is a net of compactly supported continuous positive type functions
θi : GÑ ZpMq with }θipeq} ď 1 and θipgq Ñ 1 in norm uniformly for g in
compact subsets of G.
(3) There is a net of compactly supported continuous positive type functions
θi : GÑ ZpMq with }θipeq} ď 1 and θipgq Ñ 1 ultraweakly and uniformly
for g in compact subsets of G.
(4) There is a net of compactly supported continuous positive type functions
θi : GÑ ZpMqc with }θipeq} ď 1 and θipgq Ñ 1 ultraweakly and uniformly
for g in compact subsets of G.
(5) There is a bounded net pξiq Ď CcpG,ZpMqcq Ď L2pG,ZpMqcq with
xξi |λσg pξiqyZpMqc Ñ 1
ultraweakly and uniformly for g in compact subsets of G.
(6) There is a bounded net pξiq Ď L2wpG,ZpMqq with
xξi |λσg pξiqyZpMq Ñ 1
ultraweakly and pointwise for each g P G.
(7) There is a (not necessarily central) bounded net pξiq Ď L2wpG,Mq such that
xξi |aλσg pξiqyM Ñ a
pointwise for each g P G and each element a P A of some ultraweakly dense
˚-subalgebra A ĎM .
(8) The G-von Neumann algebra pM,σq is amenable, i.e., there is a G-equivariant
projection P : L8pG,Mq ÑM.
(9) There is a ucp G-map L8pGq Ñ ZpMq.
(10) There is a ucp G-map CubpGq Ñ ZpMqc.
Then we always have p1q ô p2q ñ p3q ô p4q ô p5q ñ p6q ñ p7q ñ p8q ñ p9q ñ
p10q. Moreover, if G is exact all statements are equivalent.
As mentioned before, after we posted a first version of this paper on the arXiv,
Bearden and Crann showed in [10, Theorem 3.6] that (8) implies (3) even for non-
exact groups G. Since the proof of that result is much harder than our proof in the
exact case, we decided to present our original proof in its original form below. But
for later use, we note
Theorem 3.13 (Bearden-Crann). Items (3) – (8) in the above theorem are all
equivalent. 
Proof of Proposition 3.12. The equivalences p1q ô p2q and p3q ô p4q follow from
Lemma 3.9 and p4q ô p5q follows from Lemma 3.11. The implication p2q ñ p3q is
clear. The implication p8q ñ p9q follows by restriction of P to L8pGq, and using
that M is in the multiplicative domain of P to conclude that the image of the
restriction is central. The implication p6q ñ p7q follows with A “ M because,
since pξiq takes values in the centre, we have xξi |mλσg pξiqyM “ xξi |λσg pξiqyMm for
all m P M . The implication p9q ñ p10q follows by taking continuous parts and
using that L8pGqc “ CubpGq. The implication p10q ñ p1q for G exact follows from
[16, Theorem 5.8] which implies that the G-action on CubpGq is strongly amenable
if (and only if) G is exact.
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It therefore only remains to prove the implication p7q ñ p8q. For this we shall
use the idea from the proof of [2, Lemma 6.5], which is exactly the implication
p7q ñ p8q we need for G discrete. The basic idea for the proof will be the same,
we only modify some small points and make sure it generalizes to locally compact
groups.
First notice that once p7q holds for a P A, then it also holds for a in the norm
closure of A because the net pξiq is bounded. Hence we may assume without loss
of generality that A ĎM is already closed and therefore a C˚-subalgebra. Let pejq
be an increasing approximate unit for A. Since A is ultraweakly dense in M , it
follows that pejq converges ultraweakly to 1 inM . Using the canonical left action of
L8pG,Mq by adjointable (multiplication) operators on the von Neumann Hilbert
module L2wpG,Mq we define for each pi, jq
Pi,jpfq :“ xe1{2j ξi |fe1{2j ξiy
for f P L8pG,Mq. Then pPi,jq is a uniformly bounded net of completely posi-
tive linear maps L8pG,Mq Ñ M with }Pi,j} ď C :“ supi }ξi}22 ă 8. By com-
pactness of bounded sets of such maps with respect to the pointwise ultraweak
topology (this follows for example from [17, Theorem 1.3.7]), we may assume (after
passing to a subnet if necessary) that for each fixed j, there is a cp linear map
Pj : L
8pG,Mq Ñ M with Pjpfq “ limi Pi,jpfq ultraweakly for all f P L8pG,Mq.
Let us consider the restriction of Pj to the centre ZpL8pG,Mqq “ L8pG,ZpMqq
(see [52, Corollary 5.11]). Hence we get a net of cp maps Pj : L
8pG,ZpMqq ÑM .
We shall prove that the net pPjq converges ultraweakly pointwise to a G-equivariant
projection P : L8pG,ZpMqq Ñ ZpMq. As we already know, this is equivalent to
the von Neumann amenability of M . First notice that if f P L8pG,ZpMqq, then it
commutes with all elements of M Ď L8pG,Mq, in particular it commutes with all
elements of A. Hence
Pi,jpfq “ xξi |e1{2j fe1{2j ξiy “ xξi |fejξiy “ xξi |ejfξiy.
If, in addition, f is positive, then Pi,jpfq “ xf1{2ξi |ejf1{2ξiy. Since pejq is increas-
ing, it follows from this that the net Pi,jpfq is also increasing in j for each positive
f . Taking the ultraweak limit in i it follows that Pjpfq is increasing for each pos-
itive f and therefore converges ultraweakly. But this implies that Pjpfq converges
ultraweakly for every f P L8pG,ZpMqq, as claimed. Let P : L8pG,ZpMqq Ñ M
be the pointwise ultraweak limit of pPjq. To prove that P takes image in ZpMq, it
is enough to show that P pfqa “ aP pfq for every positive f P L8pG,ZpMqq` and
a P A`, and for this it is enought to show that P pfqa is positive. By construction,
P pfqa “ lim
j
lim
i
xe1{2j ξi |fe1{2j ξiya “ lim
j
lim
i
xe1{2j ξi |fe1{2j ξiay
ultraweakly.
Now, for any normal state ϕ on M we computeˇˇˇ
ϕ
´
xe1{2j ξi |fe1{2j ξiay ´ xe1{2j ξi |fae1{2j ξiy
¯ˇˇˇ2
“
ˇˇˇ
ϕ
´
xe1{2j ξi |fpe1{2j ξia´ ae1{2j ξiqy
¯ ˇˇˇ2
ď }ξi}22}f}2ϕ
`xe1{2j ξia´ ae1{2j ξi |e1{2j ξia´ ae1{2j ξiy˘
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and notice that
lim
j
lim
i
ϕ
`xe1{2j ξia´ ae1{2j ξi |e1{2j ξia´ ae1{2j ξiy˘
“ lim
j
lim
i
´
ϕpxe1{2j ξia |e1{2j ξiayq ´ ϕpxe1{2j ξia |ae1{2j ξiyq
´ ϕpxae1{2j ξi |e1{2j ξiayq ` ϕpxae1{2j ξi |ae1{2j ξiyq
¯
“ 0
since all terms are converging to ϕpa˚aq by the assumption on the net pξiq. But
since fa ě 0 (as f and a are positive and commute), this then proves
ϕ
`
P pfqa˘ “ lim
j
lim
i
ϕ
`xe1{2j ξi |fae1{2j ξiy˘ “ lim
j
lim
i
ϕ
`
Pi,jpfaq
˘ ě 0
as desired. Thus P takes image into ZpMq and can therefore be viewed as a cp
map P : L8pG,ZpMqq Ñ ZpMq. It is a projection, that is, P pmq “ m for every
m P ZpMq because
P pmq “ lim
j
lim
i
xe1{2j ξi |me1{2j ξiy “ lim
j
lim
i
xξi |ejξiym “ lim
j
ejm “ m,
where all limits are with respect to the ultraweak topology.
It remains to verify that P is G-equivariant. For this it is enough to check that
σgpP pλσg´1pfqqq “ P pfq for every positive f P L8pG,Mq and g P G. For this we
prove that ˇˇˇ
ϕ
´
xλσg pe1{2j ξiq |f ¨ λσg pe1{2j ξiqy ´ xξi |f ¨ ξiy
¯ ˇˇˇ
Ñ 0
for every normal state ϕ of M . Using the inequality
ˇˇ}x}2 ´ }y}2ˇˇ ď }x` y}}x´ y}
that holds for every semi-norm induced by a pre-inner product and applying this
to the semi-norm } ¨ }ϕ induced by the pre-inner product xξ | ηyϕ :“ ϕpxξ | ηyq on
L2wpG,Mq we deduce thatˇˇˇ
ϕ
´
xλσg pe1{2j ξiq |f ¨ λσg pe1{2j ξiqy ´ xξi |f ¨ ξiy
¯ ˇˇˇ
ď
ˇˇˇ
}f1{2λσg pe1{2j ξiq}2ϕ ´ }f1{2e1{2j ξi}2ϕ
ˇˇˇ
ď D ¨ }pλσg pe1{2j ξiq ´ e1{2j ξiq}ϕ
where D is some constant that does not depend on i, j. Finally notice that
}λσg pe1{2j ξiq ´ e1{2j ξi}2ϕ
“ ϕ`xλσg pe1{2j ξiq ´ e1{2j ξi |λσg pe1{2j ξiq ´ e1{2j ξiy˘
“ ϕ
´
σgpxe1{2j ξi |e1{2j ξiyq ´ xλσg pe1{2j ξiq |e1{2j ξiy ´ xe1{2j ξi |λσg pe1{2j ξiqy ` xe1{2j ξi |e1{2j ξiy
¯
.
Taking the limit in i and using the properties of pξiq, this converges to
ϕ
´
σgpejq ´ σgpe1{2j qe1{2j ´ e1{2j σgpe1{2j q ` ejv
¯
,
and taking now the limit in j, using that pejq is an approximate unit (and hence
converges ultraweakly to 1), this converges to zero. This finishes the proof. 
Remark 3.14. It follows from the implication (1)ñ(2) of [6, Theorem 7.2] that if
a group admits a strongly amenable action on a compact space, then it is exact.
Applying this to the spectrum of the C˚-algebra ZpMqc, we see that condition
(1) (and hence also condition (2)) of Proposition 3.12 implies exactness of G. On
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the other hand, condition (3) is (and therefore all of (4)-(10) are) automatic for
M “ L8pGq. Indeed, to see this, choose a net phiq of norm one positive-valued
functions in CcpGq such that if τ is the usual translation action, then τgphiq ´ hi
tends to zero in norm uniformly on compact subsets of G, and moreover so that hi
tends to one uniformly on compact subsets of G (it is not too hard to see that such
a net exists). For each i, define then
θi : GÑ CcpGq Ď L8pGq
by the formula g ÞÑ τgphiqhi. It is not too difficult to see that this has the right
properties. It thus follows that (1) and (2) are not equivalent to any of (3) through
(10) in general.
Remark 3.15. One can show that conditions (9) and (10) from Proposition 3.12
are also equivalent using a variant of the proof of [12, Theorem G.3.1]; we will not
need this fact, and leave the details to the interested reader. We do not know if
conditions (9) and (10) imply (any of, therefore all of) (3)-(8) without exactness.
The following corollary summarizes the consequences of Proposition 3.12 and
Theorem 3.13 for G-C˚-algebras.
Corollary 3.16. For a G-C˚-algebra pA,αq consider the following statements:
(1) The extension α2 : GÑ AutpZpA2αqcq is strongly amenable.
(2) α is amenable.
(3) α is von Neumann amenable.
(4) There is a ucp G-map L8pGq Ñ ZpA2αq.
(5) There is a ucp G-map CubpGq Ñ ZpA2αqc.
Then (1)ñ(2)ô(3)ñ(4)ñ(5) and all statements are equivalent if G is exact.
Proof. Apply Proposition 3.12 and Theorem 3.13 to M “ A2α. 
Remark 3.17. Analogously to Remark 3.14, one sees that condition (1) implies
exactness, whereas conditions (2) through (5) are automatic if pA,αq is pC0pGq, τq,
where τ denotes the usual translation action (in which case A2α “ L8pGq). Thus
conditions (2) through (5) are not equivalent to condition (1) when G is not exact.
Analogously to Remark 3.15, one can also show that (4) and (5) are equivalent in
general, and we do not know if (4) implies (3) without exactness.
We now record some permanence properties for amenable actions.
Proposition 3.18. Amenability is preserved by Morita equivalence: precisely, if
pA,αq and pB, βq are Morita equivalent G-C˚-actions, then A is amenable if and
only if B is amenable.
Proof. If pA,αq and pB, βq are Morita equivalent, then so are the corresponding
G-von Neumann algebras A2α and B
2
β . But this implies that their centres ZpA2αq
and ZpB2βq are isomorphic as G-von Neumann algebras and this clearly implies the
result. 
Remark 3.19. The same idea shows that von Neumann amenability is preserved by
Morita equivalence.
Lemma 3.20. Let pA,αq and pB, βq be G-C˚-algebras and let Φ: AÑMpBq be a
nondegenerate G-equivariant ˚-homomorphism. If the normal extension Φ2 : A2α Ñ
B2β maps ZpA2αq into ZpB2βq and if pA,αq is amenable, then pB, βq is also amenable.
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Similarly, if the strictly continuous extension Φ¯ : MpAq Ñ MpBq maps ZMpAq
into ZMpBq, then strong amenability passes from pA,αq to pB, βq.
Proof. Since Φ is nondegenerate, Φ2 : A2α Ñ B2β is normal and unital. Thus, if
pθiq is a net of positive type functions implementing amenability of pA,αq, then
pΦ2 ˝ θiq implements amenability of pB, βq. A similar argument works for strong
amenability. 
Remark 3.21. The above lemma is not true in general without the assumptions
that ZpA2αq (respectively ZMpAq) is mapped to ZpB2βq (respectively ZMpBq).
To see counterexamples, let G be a non-amenable group acting amenably on a
C˚-algebra A and let B “ A ¸red G equipped with the action β “ AdiG, where
iG : GÑ UMpA¸redGq denotes the canonical homomorphism. Then β is amenable
if and only if G is amenable: indeed, as the action is inner, it is Morita equivalent
to a trivial action, whence the trivial action is amenable too by Proposition 3.18.
However, it is easy to see that the trivial action is amenable if and only if G itself
is amenable. On the other hand, the canonical map iA : A Ñ MpA ¸red Gq is
a nondegenerate G-equivariant ˚-homomorphism (which has image in B if G is
discrete). We refer to [50] for more involved examples where A and B are both
simple and unital.
Proposition 3.22. Let α : G Ñ AutpAq be a continuous action and let I Ď A be
a G-invariant ideal. Then α is amenable if and only if the induced actions αI and
αA{I on I and A{I respectively are both amenable.
Proof. This follows easily from the decomposition A2α “ I2αI ‘pA{Iq2αA{I of Lemma
2.8 which induces an analogous decomposition of the center ZpA2αq. 
For strong amenability, we only get the following partial result
Proposition 3.23. Let α : G Ñ AutpAq be a continuous action and let I Ď A be
a G-invariant ideal. If α is strongly amenable then so are the actions αI and αA{I
on I and A{I, respectively.
Proof. The quotient map q : A ։ A{I induces a unital G-equivariant strictly con-
tinuous homomorphism q¯ : MpAq Ñ MpBq which is easily seen to map ZMpAq
into ZMpA{Iq. Thus αA{I is amenable by Lemma 3.20. On the other hand, if
I Ď A is a G-invariant ideal there is a canonical nondegenerate (restriction) ho-
momorphism R : A Ñ MpIq whose extension to MpAq clearly maps ZMpAq to
ZMpIq. 
As a consequence from the previous results we also get permanence properties
for hereditary subalgebras:
Corollary 3.24. Let α : G Ñ AutpAq be a continuous amenable action and let
B Ď A be a G-invariant hereditary subalgebra. Then the restricted action on B is
amenable.
Proof. This follows from Propositions 3.22 and 3.18 as the hereditary subalgebra
B is equivariantly Morita equivalent to the ideal I :“ ABA generated by B in A.
Indeed, this follows by considering the right ideal BA as an imprimitivity bimodule
implementing the Morita equivalence between B “ BAB and I “ ABA. 
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3.2. The weak quasi-central approximation property (wQAP). In this sec-
tion we want give a new characterization of amenability in terms of A-valued posi-
tive type functions on G, thus avoiding the use of the enveloping G-von Neumann
algebra A2α of the action. Recall from Ikunishi’s [37, Theorem 1] (see Section 2.3
above) that A2α can be identified with the dual of the closed subspace A
˚,c of all
ϕ P A˚ such that g ÞÑ α˚g pϕq is norm continuous. Every such functional can be
written as a linear combination of at most four states in SpAqc :“ SpAq X A˚,c,
which then identifies with the set of normal states of A2α.
Definition 3.25. An action α : G Ñ AutpAq of a locally compact group G on
a C˚-algebra A satisfies the weak quasi-central approximation property (wQAP) if
there exists a net pξiqiPI of functions ξi P CcpG,Aq Ď L2pG,Aq such that
(1) }xξi |ξiyA} ď 1 for all i P I;
(2) for all ϕ P SpAqc we have ϕpxξi |λαg ξiyAq Ñ 1 uniformly on compact subsets
of G;
(3) for all ϕ P SpAqc and all a P A we have ϕpxξia´ aξi |ξia´ aξiyAq Ñ 0.
Remark 3.26. Property (wQAP) is a variant of the quasi-central approximation
property (QAP) as introduced for actions of discrete groups in [20, Section 3]. The
(QAP) has a natural extension to locally compact groups where conditions (2) and
(3) in the above definition are replaced by the conditions
(21) xξi | λαg ξiyA Ñ 1 in the strict topology of MpAq uniformly on compact
subsets of G;
(31) xξia´ aξi |ξia´ aξiyA Ñ 0 in norm for all a P A.
Note that for commutative G-C˚-algebras A “ C0pXq the (QAP) is equivalent
to strong amenability, and hence to topological amenability of the corresponding
action on X . It is easily checked that (QAP) implies (wQAP) in general and we
shall see in Section 4 that, indeed, both properties are equivalent if G is discrete. We
do not know whether this equivalence extends to general locally compact groups.
Another interesting approximation property is the Exel-Ng approximation prop-
erty (AP) as introduced in [30, Definition 3.6] in the setting of Fell bundles over
locally compact groups. In the special case of actions α : G Ñ AutpAq this trans-
lates into
Definition 3.27. An action α : GÑ AutpAq satisfies the approximation property
(AP) if there exist a bounded net pξiq in CcpG,Aq Ď L2pG,Aq such that for all
a P A we get
xξi |aλαg ξiyA Ñ a
in norm. We say that α : G Ñ AutpAq satisfies the weak approximation property
(wAP) if there exists a bounded net pξiq in CcpG,Aq such that for all ϕ P SpAqc
and for all a P A we get
ϕ
`xξi |aλαg ξiyA ´ a˘Ñ 0
uniformly on compact subsets of G.
It is clear that the (AP) implies the (wAP). The main result of this section is
the following
Theorem 3.28. Let α : GÑ AutpAq be an action of the locally compact group G
on the C˚-algebra A. Then the following are equivalent:
(1) α is amenable.
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(2) α satisfies the (wQAP).
(3) α satisfies the (wAP).
We need some further preparations before we can give the proof. In what follows
below, if H is a Hilbert A-module (like L2pG,Aq for a locally compact group G)
we shall write }ξ} :“
a
}xξ |ξyA} for all ξ P H. Moreover, if ϕ P SpAq is a state (or
positive definite function) of A, then we shall write
(6) xξ |ηyϕ :“ ϕpxξ |ηyAq and }ξ}ϕ :“
a
ϕpxξ |ξyAq
for all ξ, η P A. Note that x¨ | ¨yϕ is a Hermitian form on H and therefore enjoys the
Cauchy-Schwarz inequality
|xξ |ηyϕ| ď }ξ}ϕ}η}ϕ
for all ξ, η P H.
The following lemma is well-known to the experts and can be obtained as a
special case of a version of Kaplansky’s density theorem for Hilbert modules due
to Zettl (see [54, Lemma 2.4 and Corollary 2.7]). But for completness, we give an
elementary direct proof below:
Lemma 3.29. Suppose that A is a C˚-algebra, M a von Neumann algebra and
ι : A ãÑM a faithful ˚-homomorphism such that A is weak* dense in M .
Then, if H is a Hilbert space, the unit ball of the Hilbert A-module HbA is dense
in the unit ball of the Hilbert M -module H bM with respect to the locally convex
topology σ generated by the seminorms ξ ÞÑ ϕpxξ |ξyq1{2, where ϕ runs through the
set of normal states of M .
Proof. Let us assume without loss of generality that A is represented faithfully
and non-degenerately on the Hilbert space K such that M “ A2 Ď BpKq. We
represent the linking algebra LpH bAq :“
ˆ
KpHq bA H bA
H˚ bA A
˙
faithfully on the
Hilbert-space direct sum pH bKq ‘K viaˆ
k b a ξ b b
η˚ b c d
˙ˆ
ζ b v
w
˙
“
ˆ
kζ b av ` ξ b bw
xη |ζyv ` dw
˙
.
Let p and q “ 1 ´ p denote the orthogonal projections from pH b Kq ‘ K onto
H b K and K, respectively. The isometric inclusion of H b A into the upper
right corner BpK,HbKq “ pBppHbKq‘Kqq extends to an isometric inclusion of
HbM “ HbA2 and HbM lies in the strong closure of HbA inside BpK,HbKq,
for if ξbm is any elementary tensor in HbM and paiq is a net in A which converges
strongly to m, then for every vector w P K we get
pξ b aiqw “ ξ b aiw Ñ ξ bmw “ pξ bmqw.
It follows then from the Kaplansky density theorem applied to LpHbAq Ď BppHb
Kq ‘Kq, that the unit ball of H bA is strongly dense in the unit ball of H bM .
Hence, if ξ lies in the unit ball of H bM and pξiq is a net in the unit ball of
H b A such that ξi Ñ ξ strongly, then ξiv Ñ ξv in K for all v P K. This implies
that for all v, w P K we have
xxξi ´ ξ |ξi ´ ξyMv |wy “ xpξi ´ ξq˚pξi ´ ξqv |wy “ xpξi ´ ξqv | pξi ´ ξqwy Ñ 0
for i Ñ 8. But this implies that the bounded net pxξi ´ ξ | ξi ´ ξyM qi weakly
converges to 0. Since the weak˚-topology coincides with the weak topology on
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bounded sets, it follows that ϕpxξi ´ ξ | ξi ´ ξyM q Ñ 0 for every normal state ϕ of
M . Thus ξi Ñ ξ in the σ-topology. 
Corollary 3.30. Let α : G Ñ AutpAq be an action and V Ď G an open subset of
G. Then for every ξ P L2pV,A2αq with }ξ}A2α ď 1 there exists a net pξiq P CcpV,Aq
such that }ξi}A ď 1 for all i P I and ξi Ñ ξ in the topology σ generated by the
seminorms x ÞÑ ϕpxx |xyq1{2, ϕ P SpAqc.
Proof. This follows from Lemma 3.29 with H “ L2pV q (with respect to the Haar
measure of G restricted to V ) together with the fact that the unit ball of CcpV,Aq
is norm-dense in the unit ball of L2pV,Aq. 
For what follows we also need the following easy and well-known fact:
Lemma 3.31. Suppose that X is a normed space, pϕiq is a norm-bounded net in
X˚, and ϕ P X˚. Then the following are equivalent:
(1) pϕiq converges to ϕ in the weak*-topology.
(2) pϕiq converges to ϕ uniformly on every compact subset K of X. 
We are now ready for the
Proof of Theorem 3.28. For (1) ñ (2) assume that α is amenable and let pξiq be a
net in CcpG,ZpA2αqcq with xξi |ξiyA2α ď 1 such that
ϕpxξi |λα2g ξiyA2αq Ñ 1
for all ϕ P SpAqc uniformly on compact subsets C Ď G. For each i let Vi Ď G
be an open relatively compact subset of G such that supp ξi Ď Vi. It follows from
Corollary 3.30 that for each ξi we can find a net pξijqj in CcpVi, Aq such that
xξij |ξijyA ď 1 and ϕpxξij ´ ξi |ξij ´ ξiyM q Ñ 0 for each state ϕ P SpAqc.
Then, with notations as in (6), we compute for each ϕ P SpAqc:
|ϕpxξij |λαg pξijqy ´ xξi |λα
2
g pξiqyq|
ď |ϕpxξij ´ ξi |λαg pξijqyq| ` |ϕpxξi |λα
2
g pξij ´ ξiqyq|
ď }ξij}2}ξij ´ ξi}ϕ ` }ξi}2}ξij ´ ξi}α˚g pϕq
ď }ξij ´ ξi}ϕ ` }ξij ´ ξi}α˚g pϕq.
Using Lemma 3.31 (applied to A2α as the dual space of A
˚,c) we conclude that the
last term converges to 0 uniformly for g in the compact closure Ki of V
´1
i Vi in
G. Since xξi |λα2g ξiy “ 0 for all g R Ki (and similarly with ξi replaced by ξij), we
conclude that
|ϕpxξij |λαg pξijqy ´ xξi |λα
2
g pξiqyq| Ñ 0
uniformly on G.
Now let
Λ :“ tpF,C, ǫq : F Ď SpAqc finite, e P C Ď G compact, ǫ ą 0u
with the canonical ordering. For each ℓ “ pF,C, ǫq P Λ we choose iℓ P I such that
|ϕpxξi |λα2g ξiyA2αq´ 1| ă ǫ2 for all ϕ P F , g P C, and i ě iℓ. Then choose j such that
}ξiℓj ´ ξiℓ}ψ ă ǫ4 for all ψ P F Y tα˚g pϕq : g P Kiℓ , ϕ P F u. Then, with ξℓ :“ ξiℓj we
obtain
|ϕpxξℓ |λα
2
g ξℓyq ´ 1| ă
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for all ϕ P F , g P C. Thus ϕpxξℓ | λα2g ξℓyq Ñ 1 for all ϕ P SpAqc uniformly on
compact subsets of G.
We now need to check that for all a P A and for all ϕ P SpAqc we have
}ξℓa´ aξℓ}ϕ Ñ 0.
But if ǫ ą 0 and ϕ P SpAqc are given this follows from
}ξℓa´ aξℓ}ϕ “ }ξℓa´ ξiℓa` aξiℓ ´ aξℓ}ϕ
ď }pξℓ ´ ξiℓqa}ϕ ` }apξℓ ´ ξiℓq}ϕ
ď 2}a}}ξℓ ´ ξiℓ}ϕ ď }a}
ǫ
4
for all ℓ ě ℓ0 :“ ptϕu, teu, ǫq.
For for the proof of (2) ñ (3) let pξiq be a net in CcpG,Aq as in Definition 3.25.
Then, for all a P A we get:
ϕpxξi |aλαg ξiyA ´ axξi |λαg ξiyAq “ ϕpxa˚ξi |λαg ξiyA ´ xξia˚ |λαg ξiyAq
“ ϕpxa˚ξi ´ ξia˚ |λαg ξiyAq
ď }a˚ξi ´ ξia˚}ϕ}λαg ξi} Ñ 0
uniformly on G. Since ϕpxξi | λαg ξiyAq Ñ 1 uniformly on compact subsets of G, it
follows from this that ϕpxξi |aλαg ξiyA ´ aq Ñ 0 uniformly on compact subsets of G
as well.
The implication (3) ñ (1) follows from the implication (7)ñ(8) in Proposi-
tion 3.12 applied to M “ A2α and the canonical inclusion A ãÑ A2α. 
In the case where A “ C0pXq is commutative, we get the following characteri-
zation of amenable actions:
Corollary 3.32. Let α : G Ñ AutpC0pXqq be an action. Then the following are
equivalent
(1) α is amenable.
(2) There exists a net pξiq in CcpG ˆ Xq Ď L2pG,C0pXqq such that for all
ϕ P SpC0pXqqc
ϕpxξi |λαg pξiqyq Ñ 0
uniformly on compact subsets of G.
(3) There exists a net of positive type functions κi : GÑ C0pXq such that for
all ϕ P SpC0pXqqc
ϕpκipgqq Ñ 1
uniformly on compact subsets of G.
Proof. Since item (3) of Definition 3.25 is always satisfied if A “ C0pXq is commu-
tative, the equivalence (1) ô (2) follows from Theorem 3.28. The equivalence of
(2) and (3) follows from Lemma 3.11. 
We now proceed with a useful application of Theorem 3.28 towards inductive
limits of amenable G-C˚-algebras:
Proposition 3.33. Suppose that pAm, G, αmq is a directed system of G-C˚-algebras
and let α : GÑ AutpAq denote the action on the inductive limit A :“ limmAm. If
all αm satisfy (wQAP), then so does α. Hence amenability is stable under taking
inductive limits of G-C˚-algebras.
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Proof. We follow the ideas of [20, Proposition 3.3]. Since it is easily seen that
(wQAP) passes to quotients by G-invariant ideals, we may assume that the canon-
ical maps Ψm : Ai ãÑ A are embeddings, and we therefore may regard A as the
closed union of the Am. For eachm let pξimq be a net in CcpG,Aq which implements
the (wQAP) for αm. In order to construct a net of functions pηℓq in CcpG,Aq which
implements the (wQAP) for α let Λ denote the directed set consisting of all tuples
pF,A, C, ǫq with F Ď SpAqc finite, A Ď YmAm finite, C Ď G compact, and ǫ ą 0,
equipped with the obvious ordering. For each ℓ “ pF,A, C, ǫq P Λ we choose m
such that A Ď Am and then we choose an index im such that
‚ ˇˇ1´ ϕpxξim |λαg pξimqyqˇˇ ă ǫ for all ϕ P F and g P C; and
‚ }ξima´ aξim}ϕ ď ǫ for all a P A.
It then follows that the net pξℓq satisfies xξℓ |ξℓyA ď 1 for all ℓ and ϕpxξℓ |λαg pξℓqyq Ñ
1 uniformly on any compact subset C Ď G. Furthermore, we get }ξima´aξim}ϕ Ñ 0
for all a P ŤmAm, and hence for all a P A, since ŤmAm is norm dense in A. Thus
pξℓq implements the (wQAP) for α.
The last assertion now follows from Theorem 3.28. 
Remark 3.34. There is a variant of the approximation property due to Be´dos and
Conti (see [11]) for actions of discrete groups G, which is extended to actions of
locally compact G in [10, Section 4]. Parallel to our work, it has been shown in
[10, Theorem 4.2] that amenability is equivalent to the Be´dos-Conti approximation
property. If we combine this with the above theorem, it follows that the Be´dos-
Conti approximation property is equivalent to (wQAP) and to (wAP). It is still
not clear whether it is equivalent to (QAP) or (AP), but we shall see in Section 4
below that all these approximation properties are equivalent if G is discrete.
4. The quasi-central approximation property (QAP) for actions of
discrete groups
In our paper [20] we introduced property (QAP) (quasi-central approximation
property) for an action α : GÑ AutpAq of a discrete group G on a C˚-algebra A,
which, as shown in [20, §3], is a priori stronger than amenability of the action in
the sense of Anantharaman-Delaroche (see [5]). This notion played an important
role in a recent paper [51] by Suzuki and it would be desirable to understand the
precise relation between (QAP) and amenability. In Section 3.2 we showed that
amenability is always equivalent to (wQAP) which is a weak version of (QAP). In
what follows we are going to show that for discrete groups, (wQAP) and (QAP) are
equivalent. Since the (QAP) implies Exel’s approximation property (AP), which
in turn implies amenability, we then see that Exel’s approximation property is also
equivalent to amenability. We should note that Exel introduced the approximation
property in the more general context of Fell bundles, and our result gives a hint
that his definition is the “correct” extension of the notion of amenability to this
more general setting.
4.1. A (possibly well-known) technical lemma. The following lemma is well-
known: it follows for example from the lemma2 on page 332 of [9] applied to the
C˚-algebra of bounded operators on a Hilbert space.
2and the remark on the unital case following it
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Lemma 4.1. For any continuous function f : r0, 1s Ñ R and any ǫ ą 0, there
exists δ ą 0 with the following property. Say y and a are bounded operators on
some Hilbert space so that y is positive, a and y have norm at most one, and
}ry, as} ă δ. Then }rfpyq, as} ă ǫ. 
This section is devoted to the proof of the following lemma, which will be needed
in the proof of Theorem 4.9.
Lemma 4.2. For any ǫ ą 0 there exists δ ą 0 with the following property. Say x
and a are bounded operators on some Hilbert space so that x is positive, }a} ď 1,
and }rx, as} ă δ. Then }rx1{2, as} ă ǫ.
The reason Lemma 4.2 above is not immediate from Lemma 4.1 is that it says
one can find δ independently of the norm of x. It may also be well-known, but we
could not find it anywhere in the literature.
We start with an observation based on the holomorphic functional calculus. In
what follows, if γ : ra, bs Ñ C is a piecewise continuously differentiable path, and
g : γpra, bsq Ñ C is any continuous function, we writeż
γ
gpzq d|z| :“
ż b
a
gpγptqq|γ1ptq| dt.
Lemma 4.3. Say x is a normal operator on a Hilbert space with spectrum σ, and
a is any operator. For each z P C, write dpz, σq for the distance from z to σ. Let f
be a function that is holomorphic on some open set U Ě σ, and let γ be a positively
oriented contour with image in Uzσ and winding number one around each point of
σ. Then
}rfpxq, as} ď }rx, as}
2π
ż
γ
|fpzq|dpz, σq´2d|z|.
Proof. The holomorphic functional calculus gives
fpxq “ 1
2πi
ż
γ
fpzqpz ´ xq´1dz
(the integral converges in norm). Hence using the identity
ra, pz ´ xq´1s “ pz ´ xq´1rz ´ x, aspz ´ xq´1 “ pz ´ xq´1ra, xspz ´ xq´1
valid for any z P Czσ we see that
ra, fpxqs “ 1
2πi
ż
γ
fpzqra, pz ´ xq´1sdz “ 1
2πi
ż
γ
fpzqpz ´ xq´1ra, xspz ´ xq´1dz.
Hence
}rfpxq, as} ď 1
2π
ż
γ
|fpzq|}pz ´ xq´1}}ra, xs}}pz ´ xq´1}d|z|.
As x is normal, we have that }pz ´ xq´1} ď dpz, σq´1 for each z P Czσ by the
continuous functional calculus, and so the above inequality implies
}rfpxq, as} ď }ra, xs}
2π
ż
γ
|fpzq|dpz, σq´2d|z|,
which is the claimed estimate. 
Corollary 4.4. There is an absolute constant C ą 0 with the following property.
Say x and a are bounded operators on some Hilbert space so that x is positive. Then
}re´x, as} ď C}rx, as}.
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Proof. Say }x} “M , and let R ěM ` 1. Let γR be the contour pictured below.
Re
Im
1 γR
M
‚ ‚
R
´1
´1
Then using Lemma 4.3,
}re´x, as} ď }rx, as}
2π
ż
γR
|e´z|dpz, σq´2d|z|.
Noting that dpz, σq ě 1 for all z in the image of γR, we get for all R ěM ` 1 that
}re´x, as} ď }rx, as}
2π
ż
γR
|e´z|d|z|
from which it follows that
}re´x, as} ď }rx, as}
2π
lim
RÑ8
ż
γR
|e´z|d|z|.
The result follows with
C “ 1
2π
lim
RÑ8
ż
γR
|e´z|d|z|
(it is straightforward to see that the limit is finite), noting that this constant is
independent of M . 
Corollary 4.5. Let g : r0,8q Ñ R be a continuous function with the property that
lim
tÑ8
gptq exists, and let ǫ ą 0. Then there exists δ ą 0 with the following property.
Say x and a are bounded operators on some Hilbert space so that x is positive,
}a} ď 1, and }rx, as} ă δ. Then }rgpxq, as} ă ǫ.
Proof. Define f : r0, 1s Ñ R by
fptq “
#
gp´ logptqq t ą 0
lim
tÑ8
gptq t “ 0
Then f is continuous. Applying Lemma 4.1, for any ǫ ą 0 there exists δ1 ą 0 with
the property given there. Let C be as in Corollary 4.4, and let δ “ δ1{C; we claim
this works. Say x and a are as in the statement so in particular }rx, as} ă δ. Then
Corollary 4.4 implies that }re´x, as} ă Cδ. Applying the conclusion of Lemma 4.1
with y “ e´x gives }rfpyq, as} ă ǫ. However, by choice of f ,
fpe´tq “ gp´ logpe´tqq “ gptq
for any t P r0,8q, and so by the continuous functional calculus, fpyq “ gpxq, so we
are done. 
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Corollary 4.6. Define h : r0,8q Ñ R by
hptq “
"
1, t P r0, 1s
t t, P p1,8q
and let ǫ ą 0. Then there exists δ ą 0 with the following property. Say x and a
are bounded operators on some Hilbert space so that x is positive, }a} ď 1, and
}rx, as} ă δ. Then }rhpxq, as} ă ǫ.
Proof. Define g : r0,8q Ñ R by
gptq “
"
1´ t, t P r0, 1s
0, t P p1,8q .
Then g satisfies the hypotheses of Corollary 4.5. Let δ have the property in Corol-
lary 4.5 with respect to this g and ǫ1 “ ǫ{2. We may moreover assume that δ ă ǫ{2.
We claim this works. Indeed, let x and a be as in the statement so in particular
}rx, as} ă δ. The continuous functional calculus gives that hpxq ´ gpxq “ x, and so
hpxq “ x` gpxq. Hence
}rhpxq, as} ď }rgpxq, as} ` }rx, as} ă ǫ{2` δ ă ǫ
and we are done. 
We need a second application of the holomorphic functional calculus.
Lemma 4.7. There exists a constant D ą 0 with the following property. Say y and
a are bounded operators on some Hilbert space so that y is positive with spectrum
contained in r1,8q. Then }ry1{2, as} ď D}ry, as}.
Proof. Choose the holomorphic branch f of the square root function on the half-
plane tz P C | Repzq ą 1{4u such that fpzq is the positive square root of z for
z P p1{4,8q. Note that f satisfies |fpzq| “ |z|1{2 for all z in its domain. Let M ě 1
be the norm of x, and let γ be the contour in the picture below with four straight-
line sides γA, γB , γC and γD.
Re
Im
2M ‚
´2M ‚
γ
A
γB
‚
M
‚ ‚
2M
γC
γD
1
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Then by the holomorphic functional calculus y1{2 “ fpyq. Noting that with σ
the spectrum of x, dpz, σq ě dpz, r1,M sq for all z P C, Lemma 4.3 gives that
(7) }ry1{2, as} ď }ry, as}
2π
ż
γ
|z|1{2dpz, r1,M sq´2d|z|.
We estimate the integral appearing above on each of the sides labeled γA, γB, γC
and γD in the picture.
First, on side γA, dpz, r1,M sq ě 1{2, |z|1{2 ď 1, and the length of γA is one.
Hence ż
γA
|z|1{2dpz, r1,M sq´2d|z| ď 4.
Next, let us look at γB . We parametrize this side by γBptq “ pt, tq for t P r 12 , 2M s.
Then ż
γB
|z|1{2dpz, r1,M sq´2d|z| “
ż 2M
1{2
p
?
2tq1{2t´2
?
2dt ď 2
ż 2M
1{2
t´3{2dt
“ 4p
?
2´ p2Mq´1{2q ď 4
?
2.
Precisely analogously, the part over γD is also bounded above by 4
?
2. Finally,
on the part labeled γC , we have that |z| ď 2
?
2M , the length of γC is 4M , and
dpz, r1,M sq ěM , so we getż
γC
|z|1{2dpz, r1,M sq´2d|z| ď 4M ¨ p2
?
2Mq1{2M´2 “ 8M´1{2 ď 8.
Putting these estimates together with the estimate in line (7), we see that
}ry1{2, as} ď }ry, as}
2π
p4` 4
?
2` 8` 4
?
2q.
Hence D “ p4?2` 6q{π works. 
Proof of Lemma 4.2. Let ǫ ą 0 be given. Define g : r0,8q Ñ R by
gptq “
"
1´ t1{2 t P r0, 1s
0 t P p1,8q
and let δ1 ą 0 have the property in Corollary 4.5 with respect to this g and the
input error ǫ{2. Let D ą 0 be as in Lemma 4.7, let h be as in Corollary 4.6 and
let δ2 ą 0 have the property given there with respect to the input parameter ǫ{2D.
Let δ “ mintδ1, δ2u; we claim this works.
Indeed, let x and a satisfy the hypotheses in the statement, so in particular
}rx, as} ă δ. Then the continuous functional calculus implies that x1{2 “ hpxq1{2 ´
gpxq and so
}rx1{2, as} ď }rhpxq1{2, as} ` }rgpxq, as}.
Lemma 4.7 with y “ hpxq gives that }rhpxq1{2, as} ď D}rhpxq, as}, and so we get
}rx1{2, as} ď D}rhpxq, as} ` }rgpxq, as}.
The choice of δ implies that both terms on the right are smaller than ǫ{2, however,
so we are done. 
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4.2. Amenability is equivalent to (QAP) for discrete G. Throughout G is a
discrete group, and A is a C˚-algebra equipped with G-action α. As usual, for any
set S, we let ℓ2pS,Aq denote the collection of all functions ξ : S Ñ A such thatÿ
sPS
ξpsq˚ξpsq
converges in norm, and equip it with the inner product and left and right A-module
actions defined respectively by
xξ |ηyA :“
ÿ
sPS
ξpsq˚ηpsq
and
paξqpsq :“ aξpsq and pξaqpsq :“ ξpsqa.
When S “ G, we equip ℓ2pG,Aq with the G-action defined by
pλαg ξqphq :“ αgpξpg´1hqq.
Let S be a set. For each φ P SpAq and ξ P ℓ2pS,A˚˚q (in particular, for ξ P ℓ2pS,Aq),
define
}ξ}φ :“
`
φpxξ |ξyAq
˘1{2
.
The Cauchy-Schwarz inequalities for states and Hilbert modules imply that for all
ξ, η P ℓ2pS,A˚˚q
(8) |φpxξ |ηyAq| ď }ξ}φ}η}φ,
whence in particular each } ¨ }φ is a seminorm. We write τs for the topology defined
by this family of semi-norms. Let us recall the definition of the (QAP):
Definition 4.8. Let α : GÑ AutpAq be an action of the discrete group G on the
C˚-algebra A. We say that α has the quasi-central approximation property (QAP)
if there exists a net of finitely supported functions tξi : GÑ Au such that
(1) xξi |ξiyA ď 1 for all i P I;
(2) for all g P G we have xξi |λαg pξiqy Ñ 1 strictly, and
(3) for all a P A we have }ξia´ aξi}2 Ñ 0, where }ξ}2 :“
a
}xξ |ξyA}.
The main result in this section will be
Theorem 4.9. Let α : G Ñ AutpAq be an action of the discrete group G on the
C˚-algebra A. Then
α is amenable ðñ α satisfies the (QAP).
It follows from this theorem that the results obtained by Suzuki in [51] on ab-
sorption of actions on the Cuntz algebras O2 or O8 are all valid for the classical
notion of amenable actions α : G Ñ AutpAq. Note also that [51, Theorem C]
then gives a number of equivalent characterizations of amenability for an action
α : G Ñ AutpAq if G is countable and A is a unital, simple, separable, nuclear3
G-C˚-algebra.
The following is a special case of Corollary 3.30.
3In private communication, Suzuki informs us that the simplicity and nuclearity assumptions
can be dropped from [51, Theorem C]; we expect that this more general version will appear in the
final version of Suzuki’s paper.
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Lemma 4.10. For any finite set F , the unit ball of ℓ2pF,Aq is τs-dense in the unit
ball of ℓ2pF,A˚˚q. 
Recall that for an action α : G Ñ AutpAq we denote by α˚ : GÑ AutpA˚q the
dual action given by
α˚g pφq :“ φ ˝ αg´1 .
Note that this action preserves the state space SpAq Ď A˚.
Lemma 4.11. Say the action of G on A is amenable. Then for any finite subsets
Φ Ď SpAq and G Ď G and any ǫ ą 0 there exists a finite subset F of G such that
for any finite subsets Ψ Ď SpAq and A Ď A and any δ ą 0 there exists a function
ξ : GÑ A with the following properties:
(i) xξ |ξy ď 1;
(ii) ξ is supported in F ;
(iii) |1´ φpxξ |λαg ξyq| ă ǫ for all g P G and all φ P Φ;
(iv) }ξa´ aξ}φ ă δ for all φ P Ψ and all a P A.
Proof. Let ǫ ą 0 and finite subsets Φ Ď SpAq, G Ď G and ǫ ą 0. As the action of
G on A is amenable in the sense of Anantharaman-Delaroche, the G-von Neumann
algebra A˚˚ is amenable. Hence it satisfies [5, The´ore`me 3.3, condition (b)], so
there exists a finitely supported function η : GÑ ZpA˚˚q such that xη |ηy ď 1, and
such that |1´ φpxη |λαg ηyq| ă ǫ{2 for all g P G and all φ P Φ. Let F be the support
of η; we claim this has the desired property.
Let then Ψ, A and δ ą 0 be as in the statement. Fix γ ą 0 (to be determined
later, in a way that depends only on ǫ, δ and A). Using Lemma 4.10, we have
that the unit ball of ℓ2pF,Aq is τs-dense in the unit ball of ℓ2pF,A˚˚q. Hence
there exists ξ P ℓ2pF,Aq of norm at most one such that }ξ ´ η}φ ă γ for all
φ P ΦYΨY tα˚
g´1
φ : g P F, φ P Ψu. We claim this ξ has the right properties.
Indeed, ξ is supported in F and satisfies xξ |ξyy ď 1 by construction. Moreover,
we have that for any φ P Ψ
|φpxξ |λαg ξyq ´ φpxη |λαg ηyq| “ |φpxξ ´ η |λαg ξyq ` φpxη |λαg pξ ´ ηqyq|
ď }ξ ´ η}φ}λαg ξ}φ ` }η}φ}λαg pξ ´ ηq}φ
ď }ξ ´ η}φ ` }ξ ´ η}α
g´1 pφq
using the Cauchy-Schwarz inequality from line (8). Hence by choice of η,
|1´ φpxξ |λαg ξyq| ă ǫ{2` 2γ,
which is smaller than ǫ as long as γ ď ǫ{4. Finally, note that as η takes values in
ZpA˚˚q we have that for any φ P Ψ, we have by the Cauchy-Schwarz inequality
that
}ξa´ aξ}2φ ď }pξ ´ ηqa` apη ´ ξq}2φ
ď 4maxaPA}a}2}ξ ´ η}2φ
ă 4maxaPA}a}2γ2.
Thus, for γ suitably small, }ξa´ aξ}φ is smaller than δ, so we are done. 
Corollary 4.12. Say the action of G on A is amenable. Then for any finite subsets
Φ Ď SpAq and G1 Ď G and any ǫ ą 0 there exists a finite subset F of G such that
for any finite subsets Ψ Ď SpAq, A Ď A, and G2 Ď G, and any δ ą 0 there exists a
positive type function κ : GÑ A with the following properties:
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(i) κpeq ď 1;
(ii) κ is supported in F ;
(iii) |1´ φpκpgqq| ă ǫ for all g P G1 and all φ P Φ;
(iv) |φpaκpgq ´ κpgqaq| ă δ for all φ P Ψ, all a P A, and all g P G2.
Proof. We apply Lemma 4.11 with the input data Φ, ǫ ą 0 and G “ G1 to get a finite
subset F 1 of G with the properties given there; we then apply it with δ1 “ δ{2 ą 0,
A1 :“ tαg´1paq, a˚ | a P A, g P G2u,
and
Ψ1 :“ ΨY tα˚g´1φ | g P G2, φ P Ψu
to get a function ξ : GÑ A satisfying:
(i) xξ |ξy ď 1;
(ii) ξ is supported in F 1;
(iii) |1´ φpxξ |λαg ξyq| ă ǫ for all g P G and all φ P Φ;
(iv) }ξa´ aξ}φ ă δ1 for all φ P Ψ1 and all a P A1.
Set κpgq “ xξ | λαg ξy. We claim this has the right properties for a suitably small
choice of δ1.
Indeed, κ is positive type, as follows from a direct computation. Moreover,
κpeq “ xξ |ξy ď 1, and |1´φpκpgqq| ă ǫ for all g P G1 and all φ P Φ by construction.
If κpgq ‰ 0 for some g P G, then there exists h P F0 such that g´1h is also in F0.
Hence g is contained in F´10 F0, and so κ is supported in F :“ F´10 F0.
It remains to check the condition on commutators. For this, we note that for
any a P A and g P G
aκpgq ´ κpgqa “ axξ |λαg ξy ´ xξ |λαg ξya
“ xξa˚ ´ a˚ξ |λαg ξy ` xξ |aλαg ξ ´ λαg ξay
“ xξa˚ ´ a˚ξ |λαg ξy ` xξ |λαg pαg´1paqξ ´ ξαg´1paqqy.
Hence using the version of the Cauchy-Schwarz inequality in line (8), we get that
|φpaκpgq ´ κpgqaq| ď }ξa˚ ´ a˚ξ}φ}λαg ξ}φ ` }ξ}φ}λαg pαg´1paqξ ´ ξαg´1paqq}φ
ď }ξa˚ ´ a˚ξ}φ ` }αg´1paqξ ´ ξαg´1paq}α˚
g´1
φ.
Hence by all our choices, if a is in A and φ is in Ψ, this is bounded above by
2δ1 “ δ. 
Corollary 4.13. Say the action of G on A is amenable. Then for any finite subsets
Φ Ď SpAq and G1 Ď G and any ǫ ą 0 there exists a finite subset F of G such that
for any finite subsets A Ď A and G2 Ď G and any δ ą 0 there exists a positive type
function κ : GÑ A with the following properties:
(i) κpeq ď 1;
(ii) κ is supported in F ;
(iii) |1´ φpκpgqq| ă ǫ for all g P G1 and all φ P Φ;
(iv) }aκpgq ´ κpgqa} ă δ for all a P A, and all g P G2.
Proof. Fix ǫ ą 0 and finite subsets Φ Ď SpAq and G1 Ď G. Let F Ď G be a finite
subset with the property in Corollary 4.12. Let K be the collection of all positive
type functions κ : GÑ A that are supported in F , and that satisfy |1´φpκpgqq| ă ǫ
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for all g P G1 and all φ P Φ, and that κpeq ď 1. Note that K is convex, whence the
set !
paκpgq ´ κpgqaq P à
aPA,gPG2
A | κ P K
)
is also convex (the notation means that we are looking at tuples of elements in
A indexed by g P G2 and a P A, and that the element in the pa, gqth entry is
aκpgq ´ κpgqa). The conclusion of Corollary 4.12 implies that zero is contained in
the weak closure of this set, whence by Hahn-Banach, zero is also contained in the
norm closure. This is the desired conclusion. 
For a finitely-supported function κ : G Ñ A, as in the proof of [5, Proposition
2.5], provisionally define an operator ρpκq on ℓ2pG,Aq by the condition that for
finitely supported ξ
(9) pρpκqξqpgq “
ÿ
hPG
αgpκpg´1hqqξphq.
The following lemma follows from the proof of [5, Proposition 2.5].
Lemma 4.14. Let κ : G Ñ A be a finitely supported function. Then the formula
in line (9) uniquely determines an adjointable operator on ℓ2pG,Aq with norm sat-
isfying
}ρpκq}Lpℓ2pG,Aqq ď
ÿ
gPG
}κpgq}A.
and ρpκq is positive if κ is of positive type. 
We will also write ma for the (adjointable) operator on ℓ
2pG,Aq defined by the
left A-action, i.e.
ma : ℓ
2pG,Aq Ñ ℓ2pG,Aq, pmaξqpgq :“ aξpgq.
We are now ready for the next corollary.
Corollary 4.15. Say the action of G on A is amenable. Then for any finite subsets
Φ Ď SpAq, G Ď G, A Ď A and any ǫ ą 0 there exists a finitely supported positive
type function κ : GÑ A with the following properties:
(i) κpeq ď 1;
(ii) |1´ φpκpgqq| ă ǫ for all g P G and all φ P Φ;
(iii) }maρpκq ´ ρpκqma}Lpℓ2pG,Aqq ă ǫ for all a P A.
Proof. Let F be a finite subset of G with the properties given in Corollary 4.13
for the given ǫ, Φ and G1 “ G. Let G2 “ F , let δ “ ǫ{|F |, and let κ have the
properties in Corollary 4.13 with respect to this data. We define λ : G Ñ A by
g ÞÑ aκpgq ´ κpgqa, so ρpλq “ maρpκq ´ ρpκqma. The result follows from the norm
estimate in Lemma 4.14. 
Corollary 4.16. Say the action of G on A is amenable. Then for any finite subsets
G Ď G and A Ď A, and any ǫ ą 0 there exists a finitely supported positive type
function κ : GÑ A with the following properties:
(i) κpeq ď 1;
(ii) }ap1´ κpgqq} ă ǫ and }p1´ κpgqqa} ă ǫ for all g P G and all a P A;
(iii) }maρpκq ´ ρpκqma}Lpℓ2pG,Aqq ă ǫ for all a P A.
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Proof. Fix A, G and ǫ ą 0 as in the statement. Let K be the set of finitely
supported positive type functions from G to A that satisfy κpeq ď 1 and }maρpκq´
ρpκqma}Lpℓ2pG,Aqq ă ǫ for all a P A. Note that K is convex, whence the set!`
ap1´ κpgqq, p1´ κpgqqa˘ P à
aPA,gPG
pA‘Aq | κ P K
)
is also convex. Corollary 4.15 (applied with Φ equal to a set of the form taφ, φa |
a P AYA˚, φ P Ψu for Ψ an arbitrary finite subset of SpAq) implies that 0 is in the
weak closure of the set above, whence by Hahn-Banach it is in the norm closure.
This gives the desired conclusion. 
The following corollary is immediate from Corollary 4.16 and Lemma 4.2.
Corollary 4.17. Say the action of G on A is amenable. Then there exists a net
pκi : GÑ Aq of finitely supported positive type functions such that:
(i) κipeq ď 1 for all i;
(ii) for all g P G, κipgq converges strictly to 1;
(iii) }maρpκiq1{2 ´ ρpκiq1{2ma}Lpℓ2pG,Aqq Ñ 0 for all a P A. 
We are now ready for
Proof of Theorem 4.9. We only need to show that amenability of an action α :
G Ñ AutpAq implies the (QAP). For this let κi be as in Corollary 4.17. Assume
for simplicity that A is unital4, and define ξi :“ ρpκiq1{2δe P ℓ2pG,Aq. As in the
proof of [5, Proposition 2.5], we then have that κipgq “ xξi |λαg ξiy for all i and all
g P G. Moreover, note that
}aξi ´ ξia} “ }aρpκiq1{2δe ´ ρpκiq1{2aδe} ď }maρpκiq1{2 ´ ρpκiq1{2ma}}δe},
which by the properties of pκiq spelled out in Corollary 4.17 goes to zero as i goes to
infinity. To complete the proof, approximate ξi suitably well by finitely supported
elements of ℓ2pG,Aq to get the QAP. 
4.3. Some applications and alternative descriptions of (QAP). We record
the following equivalence as the second condition seems particularly natural in the
equivariant classification program, where it was introduced by Suzuki [51]; we refer
to that paper for the terminology in the second condition.
Theorem 4.18. Let G be countable and discrete, and let pA,αq be a separable
unital G-C˚-algebra. Let Aω be a norm ultrapower of A associated to some choice
of non-principal ultrafilter ω, and Aω X A1 the associated central sequence algebra.
The following are equivalent:
(1) There exists a net tθi : G Ñ ZpA2αqu of finitely supported functions of
positive type such that }θipeq} ď 1 for all i P I and θipgq Ñ 1A2α ultraweakly
and for all g P G (i.e. the action is amenable).
(2) There exists a sequence tθn : GÑ Aω XA1u of finitely supported functions
of positive type such that }θnpeq} ď 1 for all n P N and θnpgq Ñ 1AωXA1 in
norm and for all g P G.
4If A is not unital, use an approximate unit as at the end of the proof of [5, Proposition 2.5]
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Proof. The first property is amenability, and Suzuki shows that the second condi-
tion5 is equivalent to the QAP in [51, Theorem C]. Hence the result follows from
Theorem 4.9. 
Combining Theorem 4.9 with Theorem 3.28 we are now able to show that for dis-
crete G all approximation properties discussed so far are equivalent to amenability.
See Definition 3.25 and Definition 3.27 for the definitions of (wQAP) and (wAP).
Notice that for G discrete we have A2α “ A˚˚ and SpAqc “ SpAq.
Theorem 4.19. Let α : G Ñ AutpAq be an action of the discrete group G. Then
the following are equivalent:
(1) α is amenable;
(2) α satisfies the (QAP);
(3) α satisfies the (wQAP);
(4) α satisfies Exel’s (AP);
(5) α satisfies (wAP).
Moreover, if G is countable and A is separable, then the nets in the definitions of
(QAP), (wQAP), (AP), and (wAP) can be replaced by sequences.
Proof. We already know that (1) is equivalent to (2) and it is shown in [2, Theorem
6.11] that (4) ñ (5) ô (1). Moreover, Theorem 3.28 gives (3) ô (5) ô (1) even
for actions of locally compact groups. So it suffices to show (2) ñ (3) and (2) ñ
(4).
(2) ñ (3): Let pξiq be a net of finitely supported elements in ℓ2pG,Aq which
implements the (QAP). Then, if φ P SpAq we can apply Cohen’s factorization
property to find ψ P SpAq and a P A such that φpbq “ a ¨ ψpbq :“ ψpa˚bq for all
b P A. But then
φpxξi |λαg pξiqyq “ ψpa˚xξi |λαg pξiqy ´ a˚q Ñ 0
for all g P G since }a˚xξi |λαg pξiqy ´ a˚} Ñ 0. Since norm convergence in A implies
weak convergence, it also follows that φpxξia´ aξi |ξia´ aξiyq Ñ 0 for all a P A.
(2) ñ (4): Again let pξiq be a net which implements the (QAP). Then for all
a P A we have
}xξi |aλαg ξiy ´ a} ď }xξi |aλαg ξiy ´ axξi |λαg ξiy} ` }axξi |λαg ξiy ´ a}
hence by item (2) in the definition of (QAP) it suffices to show that }xξi |aλαg ξiy ´
axξi |λαg ξiy} Ñ 0 for all a P A and g P G. But
}xξi |aλαg ξiy ´ axξi |λαg ξiy} “ }xa˚ξi |λαg ξiy ´ xξia |λαg ξiy}
“ }xa˚ξi ´ ξia˚ |λαg ξiy}
which converges to 0 by item (3) in the definition of (QAP) and an application of
the Cauchy-Schwarz inequality for Hilbert modules.
Suppose now that G is countable and that A is separable and assume that pξiq
is a net in ℓ2pG,Aq satisfying the (QAP)-conditions. Let pFnq, pAnq be increasing
sequences of finite subsets Fn Ď G and An Ď A such that G “ YnPNFn and
5More precisely, he does this under the more stringent hypotheses that A is also simple and
nuclear, but Suzuki has kindly shared a proof that works in the above more general situation. We
expect the more general version to appear in the final version of his article.
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A “ YnPNAn. Then, for each n P N there is an index in such that for all i ě in, all
g P Fn, and all a P An the following three entities
}axξj |λαg pξjqy ´ a}, }xξj |λαg pξjqya´ a}, and }ξja´ aξj}
are smaller than 1
n
. Put ξn :“ ξin for all n P N. Since pξnq is a bounded sequence
in ℓ2pG,Aq it follows by a straightforward argument that pξnq satisfies the (QAP)-
conditions. By the proofs for (2) ñ (3), (2) ñ (4) and (3) ñ (5) it follows that
this sequence pξnq also serves for (wQAP), (AP), and (wAP). 
As discussed in Remark 3.34 above there is another (weak) approximation prop-
erty introduced by Be´dos and Conti in [11], which is different, roughly as their
property allows more general Hilbert A-modules other than ℓ2pG,Aq. As already
mentioned in Section 3.2 above, it has been shown by Bearden and Crann ([10, The-
orem 4.2]) that amenability of an action is equivalent to the Be´dos-Conti approxi-
mation property, so that it follows from Theorem 4.19 above that for discrete G all
these approximation properties are indeed equivalent, since they are all equivalent
to amenability.
As already mentioned before, the approximation property of Exel was originally
defined in the context of Fell bundles. Our use of Exel’s (AP) above is for semi-
direct product Fell bundles associated with ordinary actions. In [8, Remark 6.5]
it is conjectured that the nuclearity of the cross-sectional C˚-algebra C˚redpBq of a
Fell bundle B should imply the (AP) of B. Using our results we can indeed give a
positive answer to this conjecture:
Corollary 4.20. Let B “ pBgqgPG be a Fell bundle over the discrete group G and
assume that its reduced cross-sectional C˚-algebra C˚redpBq is nuclear. Then B has
the approximation property of Exel, that is, there is a net pξiq of finitely supported
functions ξi : GÑ Be such that xξi |ξiyBe is uniformly bounded in i andÿ
hPG
ξiphq˚ ¨ bg ¨ ξipg´1hq Ñ bg
(in norm) for every g P G and bg P Bg.
Proof. In [1] it is shown that every Fell bundle B over G is (weakly) equivalent, in a
certain precise sense, to the Fell bundle of a G-action; indeed, one can take for this
the dual G-action α :“ pδB on the crossed product A :“ C˚redpBq¸δBG by the canon-
ical (dual) coaction δB of G on the cross-sectional C
˚-algebra C˚redpBq. If C˚redpBq
is nuclear, then so is A ¸α,red G – C˚redpBq b Kpℓ2pGqq. By [5, The´ore`me 4.5] the
G-action α on A is amenable and hence by Theorem 4.19 it also has the (AP). But
the (AP) passes through (weak) equivalences of Fell bundles by [2, Theorem 6.23],
from which it follows that B has the (AP). 
A converse of the above corollary holds in the sense that if B has the (AP) and
Be is nuclear, then C
˚pBq “ C˚redpBq is nuclear, see [29, Proposition 25.10]. This
is therefore a way to characterize nuclearity of cross-sectional C˚-algebras of Fell
bundles, in particular, crossed products. We should remark that this problem of
characterizing nuclearity of Fell bundle C˚-algebras or crossed products has been
studied recently in [35, 44] using the theory of Herz-Schur multipliers. In [44] a
notion of nuclearity for a C˚-dynamical system pA,αq is introduced in a way that
characterizes precisely when A ¸red G is nuclear and in [35] a similar result is
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obtained for Fell bundles. Combining all this together we can re-phrase nuclearity
of C˚-dynamical systems in terms of the ((Q)AP) as follows:
Corollary 4.21. A C˚-dynamical system pA,G, αq (resp. a Fell bundle B) is
nuclear in the sense of [44] (resp. [35]) if and only if A (resp. Be) is a nuclear
C˚-algebra and α has the (QAP) (resp. B has the (AP) of Exel). 
We close this section by noticing the following equivalent variant of the (QAP)
which holds in the case where G is countable and A is separable.
Proposition 4.22. Suppose that α : G Ñ AutpAq is an action of the countable
group on the separable C˚-algebra A. Then α : G Ñ AutpAq satisfies the (QAP)
if and only if there exists a sequence pξnq of finitely supported elements in ℓ2pG,Aq
which satisfies
(1) xξn |ξny ď 1 for all n P N;
(2) for all g P G we have xξn |λαg ξny Ñ 1 strictly;
(3) for all g P G and all a P A we have }ξnpgqa´ aξnpgq} Ñ 0.
Moreover, either or both of the conditions (2) and (3) may be replaced by the weaker
conditions
(21) for all g P G and φ P SpAq we have φpxξn |λαg ξnyq Ñ 1
(31) for all g P G, a P A, and φ P SpAq we have φpξnpgqa´ aξnpgqq Ñ 0.
Proof. By Theorem 4.19 we can find a sequence pξnq in ℓ2pG,Aq which implements
(QAP). Then for each g P G we have
}ξnpgqa´ aξnpgq} ď }ξna´ aξn}2 Ñ 0
and hence pξnq satisfies conditions (1)–(3) above. It is also clear that (3) ñ (31)
and by an application of Cohen’s factorization theorem as in the proof of Theorem
4.19 we get (2) ñ (21).
We now show that conditions (1), (21), (31) together imply (wQAP). The result
then follows from Theorem 4.19. For this fix φ P SpAq and let hn : G Ñ r0, 1s be
given by
hnpgq “ φ
`pξnpgqa´ aξnpgqq˚pξnpgqa´ aξnpgqq˘ ě 0.
Then each function hn is summable withÿ
gPG
hnpgq “ φ
`xξna´ aξn |ξna´ aξny˘ ď 4}a}2}ξn}2 ď 4}a}2.
Since hnpgq Ñ 0 point-wise, it follows from Lebesgue’s theorem of dominated con-
vergence, that
φ
`xξna´ aξn |ξna´ aξny˘ “ ÿ
gPG
hnpgq Ñ 0
as well. Together with (1) and (21) this implies the (wQAP). 
5. Weak containment and commutant amenability
In this section we use ideas developed by the authors in the case of discrete
groups in [20] to provide sufficient and necessary conditions for a G-C˚-algebra
pA,αq to have the weak containment property as in:
Definition 5.1. A G-C˚-algebra pA,αq (or just the action α) is said to have weak
containment (WC) if the regular representation ΛpA,αq : A ¸max G Ñ A ¸red G is
an isomorphism.
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Recall from [19] that the injective crossed product functor pA,αq ÞÑ A ¸inj G
is the largest crossed product functor which is injective in the sense that every
G-equivariant inclusion ϕ : A ãÑ B from a G-C˚-algebra A into a G-C˚-algebra
B descends to an inclusion ϕ ¸inj G : A ¸inj G ãÑ B ¸inj G. For a given G-C˚-
algebra pA,αq, the crossed product A ¸inj G can be realized as the completion of
the convolution algebra CcpG,Aq with respect to the norm
}f}inj :“ inft}ϕ ˝ f}B¸maxG : ϕ : A ãÑ B is G-equivariantu.
It was observed in [19, Proposition 4.2] that A¸injG “ A¸redG wheneverG is exact,
so that for exact groups the weak containment property (WC) is equivalent to the
statement that the canonical quotient map q : A¸maxGÑ A¸injG extending the
identity on CcpG,Aq is an isomorphism. For the latter, there is a straightforward
characterization in terms of injective covariant representations, as in the following
Definition 5.2. Let pA,αq and pB, βq be G-C˚-algebras and let ι : A ãÑ B be a
G-equivariant inclusion. Then a covariant representation
pπ, uq : pA,Gq Ñ BpHq
is called G-injective with respect to ι if the dashed arrow below
B
σ
""❉
❉
❉
❉
A
ι
OO
π // BpHq
can be filled in with a ccp G-map σ (here BpHq is equipped with the G-action Adu).
We say that pπ, uq isG-injective if it isG-injective with respect to all G-inclusions
ι : A ãÑ B of A in any G-C˚-algebra B.
We need the following lemma which extends [20, Lemma 4.8]:
Lemma 5.3. Let A be a G-C˚-algebra, and pσ, uq : pA,Gq Ñ BpHq be a pair con-
sisting of a ccp map σ and a unitary representation u satisfying the usual covariance
relation
σpαgpaqq “ ugσpaqu˚g
for all a P A and g P G. Then the integrated form
σ ¸ u : CcpG,Aq Ñ BpHq, f ÞÑ
ż
G
σpfpgqqug dg
extends to a ccp map σ ¸ u : A¸max GÑ BpHq.
Proof. By [18, Theorem 4.9, (5) ñ (6)] the ccp G-map σ : A Ñ BpHq descends
to a ccp map σ ¸max G : A ¸max G Ñ BpHq ¸max G, with respect to the action
Adu : GÑ AutpBpHqq given by conjugation with u. Composing σ¸maxG with the
integrated form id ¸ u : BpHq ¸max G Ñ BpHq of the covariant pair pid, uq gives
the ccp map σ ¸ u. 
The following proposition extends [20, Theorem 4.9], where the same result has
been shown for actions of discrete groups. Although the proof is almost the same
as in the discrete case, we include it for completeness.
Proposition 5.4. Let ι : A ãÑ B be an inclusion of G-C˚-algebras pA,αq and
pB, βq. Then the following are equivalent:
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(1) The descent ι¸max G : A¸max GÑ B ¸max G is injective.
(2) Every nondegenerate covariant representation pπ, uq of pA,G, αq on some
Hilbert space H is G-injective with respect to the inclusion ι : A ãÑ B.
(3) There exists a nondegenerate covariant representation pπ, uq of pA,G, αq
which is G-injective with respect to ι : A ãÑ B and which has a faithful
integrated form π ¸ u : A¸max GÑ BpHq.
Proof. Assume (1), and let pπ, uq : pA,Gq Ñ BpHq be a covariant representation.
We must show that the dashed arrow below can be filled in with a ccp G-map
(10) B
""❉
❉
❉
❉
A
ι
OO
π // BpHq
.
Let rA and rB be the unitzations of A and B and let rπ : rAÑ BpHq and rι : rAÑ rB
be the canonical (equivariant) unital extensions. It will suffice to prove that the
dashed arrow below rB
!!❇
❇
❇
❇
❇
rA
rι
OO
rπ // BpHq
can be filled in with an equivariant ccp map; indeed, if we can do this, then the
restriction of the resulting equivariant ccp map rB Ñ BpHq to B will have the
desired property.
Since the descent ι¸G : A¸max GÑ B ¸max G of ι is injective by assumption,
it follows from this and the commutative diagram
0 // B ¸max G // rB ¸max G // C¸max G // 0
0 // A¸max G //
OO
rA¸max G //
OO
C¸max G // 0
of short exact sequences that the maprι¸G : rA¸max GÑ rB ¸max G
is injective as well. From now on, to avoid cluttered notation, we will assume that
A, B, π and ι are unital, and that the map ι¸G : A¸maxGÑ B¸maxG is injective;
our goal is to fill in the dashed arrow in line (10) under these new assumptions. It
follows from this that the map ι¸G : A¸max GÑ B ¸max G uniquely extends to
an injective ˚-homomorphism MpA¸max Gq ÑMpB ¸max Gq.
Thus, in the diagram below
MpB ¸max Gq Ćπ¸u
&&◆
◆
◆
◆
◆
MpA¸max Gq π¸u //
ι¸G
OO
BpHq
we may thus use injectivity of BpHq (i.e. Arveson’s extension theorem as in for
example [17, Theorem 1.6.1]) to show that the dashed arrow can be filled in with a
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ucp map. Any element of the form iBGpgq P MpB ¸max Gq is in the multiplicative
domain of Čπ ¸ u, from which it follows that the restriction φ of Čπ ¸ u to B –
iBpBq ĎMpB ¸max Gq is equivariant. This restriction φ is the desired map.
The implication (2)ñ(3) is clear, so it remains to show (3)ñ(1). Let π ¸ u :
A¸max GÑ BpHq be a nondegenerate faithful representation such that there is a
ccp G-map rπ : B Ñ BpHq that extends π as in (3). Lemma 5.3 implies that this
ccp map integrates to a nondegenerate ccp map rπ¸ u : B¸maxGÑ BpHq. As the
diagram
B ¸max G rπ¸u
%%❑❑
❑❑
❑❑
❑❑
❑❑
A¸max G π¸u //
ι¸G
OO
BpHq
commutes and the horizontal map is injective, the vertical map is injective too. 
Notice that A ¸max G “ A ¸inj G if and only if every G-embedding ι : A ãÑ B
satisfies the equivalent conditions in Proposition 5.4. Hence we get the following
immediate consequence:
Corollary 5.5 (cf [20, Corollary 4.11]). For a G-C˚-algebra A, the following are
equivalent:
(1) A¸max G “ A¸inj G;
(2) every nondegenerate covariant representation pπ, uq is G-injective;
(3) there is a G-injective nondegenerate covariant representation that integrates
to a faithful representation of A¸max G.
Moreover, if G is exact, ¸inj may be replaced by ¸red in the above. 
In order to connect the above observations to amenability, we need the following
extension of [20, Lemma 4.11] from discrete to locally compact groups.
Lemma 5.6. Let A be a G-C˚-algebra and let pπ, uq : pA,Gq Ñ BpHq be a non-
degenerate G-injective covariant pair. Then for any unital G-C˚-algebra C there
exists a ucp G-map φ : C Ñ πpAq1 Ď BpHq.
Proof. Consider the canonical G-embedding
i : A ãÑMpC bAqc, a ÞÑ 1b a.
Then G-injectivity of π yields a ccp G-map ϕ : MpC bAqc Ñ BpHq with ϕ ˝ i “ π.
We claim that ϕ is unital. Indeed, say phkq is an increasing approximate unit for
A. As ϕ is ccp we see that for any k
1 ě ϕp1q ě ϕp1 b hkq “ ϕpiphkqq “ πphkq.
As π is a nondegenerate representation of A, the increasing net pπphkqq converges
strongly to 1 in BpHq, i.e. 1 is the least upper bound of this net. Hence the above
inequalities force ϕp1q “ 1 as claimed. We now consider the canonical G-embedding
j : C ÑMpC bAqc, c ÞÑ cb 1, and then define φ : C Ñ BpHq by φpcq :“ ϕpjpcqq.
It remains to show that φpCq Ď πpAq1. But since ϕ ˝ i “ π is a homomorphism, the
image of i lies in the multiplicative domain of ϕ, so that
φpcqπpaq “ ϕpjpcqqϕpιpaqq “ ϕpjpcqipaqq
“ ϕpipaqjpcqq “ ϕpipaqqϕpjpcqq “ πpaqφpcq.

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We are now going to introduce a notion of amenability which, at least for exact
groups G characterizes weak containment:
Definition 5.7. Let pA,αq be a G-C˚-algebra. For a covariant representation
pπ, uq : pA,Gq Ñ BpHq, equip the commutant πpAq1 with the action Adu. Then
pπ, uq is commutant amenable if there exists a net tθi : GÑ πpAq1u of continuous,
compactly supported, positive type functions such that }θipeq} ď 1 for all i and
θipgq Ñ 1 ultraweakly and uniformly for g in compact subsets of G.
The G-C˚-algebra pA,αq is commutant amenable (CA) if every nondegenerate
covariant pair is commutant amenable.
Remark 5.8. One can change the definition above by demanding a net pθiq that
takes values in πpAq1c (but that otherwise has the same properties). Using Lemma
3.9, this would not change the definition of commutant amenability (for either
representations or actions).
Proposition 5.9. Let pA,αq be a G-C˚-algebra. Consider the following state-
ments:
(1) α is strongly amenable.
(2) α is amenable.
(3) α is commutant amenable.
(4) There exists a commutant amenable covariant representation of pA,G, αq
such that π ¸ u : A¸max GÑ BpHπq is faithful.
(5) A¸max G – A¸red G via the regular representation.
Then (1)ñ(2)ñ(3)ñ(4)ñ(5). Moreover, if G is exact, we also have (5)ñ(3).
Proof. The implication (1)ñ(2) is shown in Remark 3.6. So suppose that (2)
holds and let pπ, uq be a nondegenerate covariant representation of pA,G, αq. By
Proposition 2.2 there exists a normal surjective G-equivariant ˚-homomorphism
Φ : A2α ։ πpAq2. Surjectivity implies that Φ restricts to a unital ˚-homomorphism
ΦZ : ZpA2αq Ñ ZpπpAq2q Ď πpAq1. Thus if pθi : GÑ ZpA2αqq is a net of compactly
supported positive type functions implementing amenability of α it follows that
pΦZ ˝ θiq implements commutant amenability of pπ, uq, hence (3). The implication
(3)ñ(4) is trivial and (4)ñ(5) follows from Lemma 5.10 below.
Assume now that G is exact. Then (5) together with Corollary 5.5 imply that
every nondegenerate covariant representation of pπ, uq is G-injective. But then
Lemma 5.6 implies that there exists a G-equivariant ucp map Φ : CubpGq Ñ πpAq1.
As G is exact, [16, Theorem 5.8] implies that the action on CubpGq is strongly
amenable, i.e., there exists a net pηiq of continuous compactly supported positive
type functions such that }ηipeq} ď 1 for all i and ηipgq Ñ 1CubpGq in norm uniformly
on compact subsets of G. But then pΦ ˝ ηiq is a net of πpAq1-valued positive type
functions which implements commutant amenability of pπ, uq. 
In what follows, we say that a family tpπj , ujq : j P Ju of covariant representa-
tions of pA,G, αq is faithful if their direct sum integrates to a faithful representation
of A¸max G.
Lemma 5.10. Let α : G Ñ AutpAq be an action and suppose that pπ, uq is a
commutant amenable covariant representation of pA,G, αq on some Hilbert space
H. Then for each f P CcpG,Aq we have
}π ¸ upfq} ď }f}A¸rG.
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As a consequence, if there exists a faithful family tpπj , ujq : j P Ju of commutant
amenable covariant representations of pA,G, αq, then A¸max G “ A¸red G.
Proof. Let pπ, uq : pA,Gq Ñ BpHq be a commutant amenable covariant represen-
tation. Using Remark 5.8 and Lemma 3.11, there is a net ξi P CcpG, πpAq1cq Ď
L2pG, πpAq1cq with the properties from item (2) of Lemma 3.11. For each i, define
Ti : H Ñ L2pG,Hq, v ÞÑ rg ÞÑ ξipgqvs.
A simple computation shows that for all i P I we have
}Tiv}2 “ xv | xξi |ξiyπpAq1vy ď }v}2
Thus }Ti} ď 1 for all i P I. Direct computations show that the adjoint of Ti is given
by
T ˚i pηq “
ż
G
ξipgq˚ηpgq dg @η P CcpG,Hq.
Now, via Fell’s trick, the covariant pair pπ b 1, u b λq : pA,Gq Ñ BpL2pG,Hqq
integrates to A ¸red G. Consider now the net of contractive completely positive
maps
φi : BpL2pG,Hqq Ñ BpHq, b ÞÑ T ˚i bTi.
For f P CcpG,Aq Ď A¸max G and v P H we compute:
φi
`pπ b 1q ¸ pu b λqpfq˘v “ T ˚i ppπ b 1q ¸ pu b λqpfqqTiv
“
ˆż
G
ż
G
ξiphq˚πpfpgqqugξipg´1hq dg dh
˙
v
Using that ξi takes values in πpAq1, we therefore get
φi
`pπ b 1q ¸ pu b λqpfq˘ “ ż
G
πpfpgqq
ˆż
G
ξiphq˚ugξipg´1hqu˚g dh
˙
ug dg
“
ż
G
πpfpgqqxξi |λαπg ξiyπpAq1ug dg.
As xξi |λαπg ξiyπpAq1 converges weakly to 1 and uniformly for all g in compact subsets
of G, and as multiplication is separately weakly continuous, we get weak conver-
gence
φi
`pπ b 1q ¸ pub λqpfq˘Ñ pπ ¸ uqpfq.
As weak limits do not increase norms and as each φi is contractive, we get
}pπ ¸ uqpfq} ď lim sup
iÑ8
}φi
`pπ b 1q ¸ pu b λqpfq˘}
ď }pπ b 1q ¸ pub λqpfq} “ }f}A¸rG.

Remark 5.11. We have seen in the previous section that our notion of amenability
enjoys some desirable permanence properties like passage to ideals and quotients.
It is also not difficult to see from the definition that commutant amenability passes
to quotients and ideals. In particular it follows that the commutant amenability
of a G-action on a C˚-algebra A implies its inner exactness in the sense that the
sequence
I ¸red G ãÑ A¸red GÑ pA{Iq ¸red G
is exact for every G-invariant ideal I Ď A.
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On the other hand we will see in Theorem 5.18 below that if A is amenable then
AbmaxB is amenable for any B; this property fails for commutant amenability, as
will follow from our examples in Section 5.3 below.
5.1. The standard form and actions on commutative C˚-algebras. For
commutative G-C˚-algebras we shall now see that commutant amenability and
amenability are equivalent notions, and in case of separable systems with commu-
tative A “ C0pXq, we shall observe that both notions are equivalent to measurewise
amenability for the action Gñ X .
As we shall see below, the fact that commutant amenability implies amenability
for commutative A is a direct consequence of the existence of a Haagerup standard
form for the G-von Neumann algebra A2α. The idea to use Haagerup standard forms
for the study of amenable actions is due to Matsumura [43] and was also exploited
in [20]. The following theorem is a consequence of [34, Theorem 2.3 and Corollary
3.6].
Theorem 5.12 (Haagerup standard form). There exist faithful normal represen-
tations π of A2α and π
op of pAopαop q2 on the same Hilbert space H together with a
strongly continuous unitary representation u : G Ñ UpHq such the following are
satisfied:
(1) pπ, uq is covariant for pA2α, G, α2q and pπop, uq is covariant for`pAopαop q2, G, pαopq2˘.
(2) πpAq1 “ πopppAopαop q2q and πoppAopq1 “ πpA2αq
Moreover, if A is commutative, we have πpAq1 “ πpAq2 – A2α. 
The following theorem has been shown by Matsumura in [43] for G discrete and
A “ CpXq commutative and unital. It has been extended by the authors to actions
of discrete G on possibly non-unital A “ C0pXq in [20]. Here we give a version
which works for actions of general locally compact groups.
Theorem 5.13. Suppose that α : G Ñ AutpAq is an action with A commutative
and consider the following statements:
(1) A is amenable.
(2) A is commutant amenable.
(3) A¸max G “ A¸red G.
Then (1)ô(2)ñ(3). If, in addition, G is exact, all three statements are equivalent.
Proof. By Proposition 5.9 we already know (1)ñ(2)ñ(3). To see (2)ñ(1), observe
that (2) implies in particular that the Haagerup standard form representation pπ, uq
is commutant amenable. But for A commutative, we have πpAq1 “ A2α “ ZpA2αq,
hence commutant amenability of pπ, uq turns out to be equivalent to amenability
of α. If G is exact, Proposition 5.9 also implies (3)ñ(2). 
Our next goal in this section is to relate our results to measurewise amenability
in the sense of Anantharaman-Delaroche and Renault [7, Definitions 3.28 and 3.3.1].
Definition 5.14. Let C0pXq be a G-C˚-algebra. Then the underlying action of
G on X is called measurewise amenable if for every quasi-invariant finite Radon
measure µ on X , the G-von Neumann algebra L8pX,µq is amenable.
Using [10, Theorem 3.6] we obtain the following characterization of measurewise
amenability:
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Proposition 5.15. An action Gñ X is measurewise amenable if and only if for
every quasi-invariant finite Radon measure µ on X there exists a net of compactly
supported positive type functions θi : G Ñ L8pX,µq such that θipeq ď 1 for all i
and such that θipgq Ñ 1 ultraweakly (inside BpL2pX,µqq) and uniformly on compact
subsets of G. 
Our main goal in the rest of this section is the following
Theorem 5.16. Let pC0pXq, αq be a commutative G-C˚-algebra, and assume that
X and G are second countable. Then the following are equivalent:
(1) α is amenable.
(2) α is commutant amenable.
(3) α is measurewise amenable.
Moreover, all these conditions imply
(4) C0pXq ¸max G “ C0pXq ¸red G.
Finally, if G is exact, then the conditions (1)-(4) are all equivalent.
For the proof we will need a general technical lemma. For the statement, let
us say that a covariant representation pπ, uq of a G-C˚-algebra A is cylic if the
integrated form π ¸ u is cyclic as a representation of A¸max G.
Lemma 5.17. Let pA,αq be a G-C˚-algebra. Then the following are equivalent.
(1) α is amenable.
(2) For every nondegenerate covariant representation pπ, uq of pA,G, αq the
action Adu : GÑ AutpπpAq2q is amenable.
(3) For every cyclic covariant representation pπ, uq of pA,G, αq the action Adu :
GÑ AutpπpAq2q is amenable.
Proof. The implications (1)ñ(2)ñ(3) are trivial, so we only need to check (3)ñ(1).
For each state ϕ of A¸maxG let us denote by pπϕ, uϕq the covariant pair such that
πϕ¸uϕ : A¸maxGÑ BpHϕq is the GNS-representation corresponding to ϕ. By (3)
together with [10, Theorem 3.6] there are directed sets Iϕ and nets of continuous
compactly supported positive type functions θϕi : GÑ ZpπϕpAq2q which implement
amenability of Aduϕ. Since the universal representation iA¸ iG of A¸maxG is the
direct sum of all πϕ ¸ uϕ, ϕ P SpA¸max Gq, we get a natural inclusion
‘ϕZpπϕpAq2q ãÑ ZpiApAq2q “ ZpA2αq.
Now for F Ď SpA ¸max Gq finite let IF “
ś
ϕPF Iϕ with the component-wise
ordering and let
J :“ tiF P IF : F Ď SpA¸max Gq finiteu.
Then J becomes a directed set if we define
iF ď jF 1 ô F Ď F 1 and iF ď jF 1 |F .
We then define a net of compactly supported functions θiF : G Ñ ZpA2αq over the
directed set J by
θiF pgq :“ ‘ϕPF θϕiϕpgq.
It is straightforward to check that the net pθiF q establishes amenability for α. 
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Proof of Theorem 5.16. The implication (1)ñ(2) is part of Proposition 5.9. For
the implication (2)ñ(3), note that if µ is a quasi-invariant Borel measure on X
we can construct a covariant representation pMµ, uq of pC0pXq, G, αq on L2pX,µq
given by`
Mµpfqξ
˘pxq “ fpxqξpxq and `ugξ˘pxq “ ´dµpg´1xq
dµpxq
¯1{2
ξpg´1xq,
where dµpg
´1xq
dµpxq denotes the Radon-Nikodym derivative. For these representations
we clearly have
MµpC0pXqq1 “MµpC0pXqq2 “ L8pX,µq
so commutant amenability of pMµ, uq implies that there exists a net pθiqiPI of
positive type functions in CcpG,L8pX,µqq such that }θipeq}8 ď 1 and θipgq Ñ 1X
ultaweakly and uniformly on compact subsets of G. The existence of such a net is
precisely the condition for amenability of the action on L8pX,µq.
To see (3)ñ(1), note that by Lemma 5.17, it is enough to show that for ev-
ery cyclic covariant representation pπ, uq : pA,Gq Ñ BpHπq the action Adu : G Ñ
AutpπpAq2q is amenable. Since C0pXq ¸max G is separable, it follows that the
Hilbert space Hπ is separable as well. It follows then from Renault’s disintegra-
tion theorem [48, The´ore`me 4.1], that there exists a quasi-invariant measure µ on
X such that π has a direct integral decomposition
ş
X
πx dµ
πpxq with respect to
a measurable field of Hilbert spaces over pX,µq. This implies that there exists
an ultraweakly continuous unital ˚-homomorphism Φπ : L8pX,µq Ñ ZpπpAq2q.
Composing Φπ with a net pθiq of positive type functions in CcpG,L8pX,µqq which
implements measurewise amenability, we obtain a net which establishes amenability
of pπpAq2,Aduq.
The implication (3)ñ(4) is [7, Proposition 6.1.8]. Finally, if G is exact, (4)ñ(2)
follows from Proposition 5.9, so we are done. 
5.2. The standard form and general actions. For arbitrary G-C˚-algebras we
get the following application of the Haagerup standard form: this result extends
Matsumura’s [43, Theorem 1.1], where the result is shown for G discrete and A
unital and nuclear.
Theorem 5.18. Let pA,αq be a G-C˚-algebra and consider the following state-
ments
(1) α is amenable.
(2) For every G-C˚-algebra pB, βq the diagonal action pA bmax B,α b βq is
amenable.
(3) For every G-C˚-algebra pB, βq the diagonal action pA bmax B,α b βq is
commutant amenable.
(4) The diagonal action αbαop : GÑ AutpAbmaxAopq is commutant amenable.
(5) pAbmax Aopq ¸max G – pAbmax Aopq ¸red G.
Then (1)ô(2)ô(3)ô(4)ñ(5) and if G is exact, all statements are equivalent.
Proof. Since
Φ : AÑMpAbmax Bq; Φpaq “ ab 1
is a nondegenerate G-equivariant ˚-homomorphism, it follows from Lemma 3.20
that α amenable implies α b β amenable, so we get (1)ñ(2). We get (2)ñ(3) as
Proposition 5.9 shows that amenability always implies commutant amenability .
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The statement (3)ñ(4) is trivial. Moreover, (4)ñ(5), and (5)ñ(4) in the case that
G is exact, follow from Proposition 5.9.
Thus to complete the proof, we need to show (4)ñ(1). If pπ, uq and πop are as
in Haagerup’s standard form, we obtain a covariant representation pπ ˆ πop, uq of
pA bmax Aop, G, α b αopq into BpHq such that pπ ˆ πopqpa b bq “ πpaqπoppbq for
all a P A and b P Aop. Then (4) implies that pπ ˆ πop, uq is commutant amenable.
It follows then from the properties of π and πop that pπ ˆ πopqpA bmax Aopq1 –
ZpA2αq, hence commutant amenability of pπ ˆ πop, uq implies amenability of α,
giving (4)ñ(1). 
In [6] Anantharaman-Delaroche defined an action pA,αq of G to be weakly
amenable, if, for every G-C˚-algebra pB, βq,
pAbmin Bq ¸αbβ,max G – pAbmin Bq ¸αbβ,red G.
But she also mentioned, that there was no particular reason to choose the spa-
tial tensor product rather than the maximal one in her definition. As a direct
consequence of Theorem 5.18 and Proposition 5.9 we get
Corollary 5.19. Let pA,αq be a G-C˚-algebra with G exact. Then the following
are equivalent:
(1) α is amenable.
(2) pA,αq is weakly amenable in the sense that for every G-C˚-algebra B we
have pAbmax Bq ¸αbβ,max G – pAbmax Bq ¸αbβ,red G. 
In what follows we use Theorem 5.18 and Corollary 5.19 to check amenabil-
ity in various interesting situations. We start with showing that amenability of
an action pA,αq of G passes to its restrictions to exact closed subgroups H of
G. At first sight, this statement looks trivial, since if tθi : G Ñ ZpA2αqu is a
net of continuous compactly supported positive type functions which implement
amenability of pA,αq, then the net tθi|H : H Ñ ZpA2αqu certainly implements
amenability of the action of H on A2α, which implies amenability of α|H as long
as we know A2α|H “ A2α. Unfortunately, this is not always true: It follows from
the universal property of A2α|H that the identity of A extends to a normal sur-
jective ˚-homomorphism qH : A2α|H Ñ A2α. But this map does not have to be
injective in general. For example, if G acts on A “ C0pGq by the translation ac-
tion τ , then we have seen before, that C0pGq2τ “ L8pGq. But if H “ teu, we get
C0pGq2τ |teu “ C0pGq˚˚ which, as observed before, differs from L8pGq if G is not
discrete. However, using Theorem 5.18 we can show
Proposition 5.20. Suppose that α : GÑ AutpAq is an amenable action and that
H is an exact closed subgroup of G. Then the restriction α|H : H Ñ AutpAq is
amenable as well.
Proof. By Theorem 5.18 it suffices to show that
(11) pAbmax Aopq ¸max H – pAbmax Aopq ¸red H
via the regular representation. To see this we first observe that amenability of α
implies that the diagonal action α b αop b τ of G on A bmax Aop b C0pG{Hq is
amenable as well, where τ : G Ñ AutpC0pG{Hqq is given by left translation. As a
consequence, we have
(12)
`
Abmax Aop b C0pG{Hq
˘¸max G – `Abmax Aop b C0pG{Hq˘¸red G
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via the regular representation. Now by Green’s imprimitivity theorem (e.g., see
the discussion after [23, Theorem 2.6.4]) there is a canonical equivalence bimodule
XGHpAbmax Aopq which implements a Morita equivalence
pAbmax Aop b C0pG{Hqq ¸max G „M pAbmax Aopq ¸max H
and which factors through an equivalence bimodule XGHpAbmaxAopqred which gives
a Morita equivalence for the reduced crossed products
pAbmax Aop b C0pG{Hqq ¸red G „M pAbmax Aopq ¸red H.
The isomorphism (11) then follows from the isomorphism (12) and the Rieffel cor-
respondence between ideals in Morita equivalent C˚-algebras (see [49, Theorem
3.1]). 
Remark 5.21. If pA,αq is a G-C˚-algebra and H Ď G is an open subgroup of
G, then amenability of pA,αq always implies amenability of pA,α|Hq. Indeed, by
the discussion preceding Proposition 5.20 it suffices to show that the canonical
normal map A2α|H ։ A
2
α is faithful. But if H is open in G, the canonical covariant
homomorphism piA, iGq : pA,Gq ÑMpA¸max Gq restricts to a faithful imbedding
iA ¸ iG|H : A¸max H ãÑ A¸max G which dualizes to a normal embedding
piA ¸ iG|Hq˚˚ : pA¸max Hq˚˚ ãÑ pA¸max Gq˚˚.
This map commutes with the canonical maps of A˚˚ into these algebras from which
it follows that piA ¸ iG|Hq˚˚ maps A2α|H Ď pA¸max Hq˚˚ faithfully onto A2α.
5.3. Weak containment does not imply amenability. In what follows, we
want to present an example of a non-amenable action α : GÑ AutpAq of an exact
group G on a C˚-algebra A “ KpHq of compact operators such that A¸max G
“ A ¸red G. This example shows that, at least for non-discrete groups, the weak
containment problem has a negative answer. Since, for exact groups G, weak con-
tainment (WC) for an action α is equivalent to commutant amenability (CA), the
example also shows that, even for exact groups G, (CA) is strictly weaker than
amenability (A). Our example will also show that (WC) for an action pA,αq of G
does not generally pass to the restriction pA,α|Hq to a closed subgroup H of G.
So far, we do not have any such example where the group G is discrete, and we
shall see below, that at least the construction of the examples given below has no
obvious extension to the discrete case.
In order to prepare our example, we need to recall some basic facts on circle-
valued Borel 2-cocycles ω : G ˆ G Ñ T, the corresponding maximal and reduced
twisted group algebras C˚maxpG,ωq and C˚redpG,ωq and their relations to actions of
G on compact operators KpHq and their crossed products. As a reference for more
details, we refer to [23, Section 2.8.6].
Recall that a circle-valued Borel 2-cocycle on G is a Borel map ω : G ˆG Ñ T
such that
ωpg, hqωpgh, lq “ ωpg, hlqωph, lq and ωpg, eq “ 1 “ ωpe, gq
for all g, h, l P G, where e denotes the neutral element of G. An ω-representation is
a weakly Borel map V : GÑ UpHq for some Hilbert space H such that
VgVh “ ωpg, hqVgh @g, h P G.
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The regular ω-representation λω : GÑ UpL2pGqq is defined by`
λωg ξ
˘phq “ ωpg, g´1hqξpg´1hq.
The ω-twisted L1-algebra L1pG,ωq consists of the Banach space L1pGq (with respect
to Haar measure) with ω-twisted convolution and involution given by
f1 ˚ω f2pgq “
ż
G
f1phqf2ph´1gqωph, h´1gq dg and f˚pgq “ ∆pg´1qωpg, g´1qfpg´1q,
for f, f1, f2 P L1pGq and g P G. Every ω-representation V : G Ñ UpHq integrates
to give a ˚-representation V˜ : L1pG,ωq Ñ BpHq via
V˜ pfq “
ż
G
fpgqVg dg,
and the assignment V ÞÑ V˜ gives a one-to-one correspondence between ω-represen-
tations of G and nondegenerate ˚-representations of L1pG,ωq.
The maximal twisted group algebra C˚maxpG,ωq is the enveloping C˚-algebra of
L1pG,ωq, i.e., the completion of L1pG,ωq by the C˚-norm }f}max “ supV }V˜ pfq},
where V runs through all ω-representations of G, and the reduced twisted group
algebra C˚redpG,ωq is the completion of L1pG,ωq by the reduced norm }f}red “
}λ˜ωpfq}.
If ω P Z2pG,Tq is a 2-cocycle, its inverse in Z2pG,Tq is given by the complex
conjugate ω¯ of ω, and if W : G Ñ UpHq is an ω¯-representation, we get an action
αω¯ :“ AdW : G Ñ AutpKpHqq of G on the compact operators K :“ KpHq such
that C˚maxpG,ωq b K – K ¸max G and C˚redpG,ωq b K – K ¸red G, where both
isomorphisms are extensions of the map
L1pG,ωq dKÑ L1pG,Kq; f b k ÞÑ
´
g ÞÑ fpgq b kW˚g
¯
.
Conversely (at least for second countable groups G) one can show that every ac-
tion of G on KpHq is implemented by some ω¯-representation W for some cocycle
ω P Z2pG,Tq, so crossed products of group actions on KpHq always correspond to
twisted C˚-group algebras. Again, we refer to [23, Section 2.8.6] for more details.
As a direct consequence we get the following
Observation 5.22. Assume that ω is a circle-valued Borel 2-cocycle on the locally
compact group G. Then C˚maxpG,ωq – C˚redpG,ωq via the regular representation
λω if and only if K ¸αω¯,max G – K ¸αω¯ ,red G via the regular representation.
The next observation follows easily from the definition of amenability together
with the fact that for any action α : GÑ AutpKpHq we have KpHq2α “ KpHq˚˚ “
BpHq and ZpBpHqq “ C.
Observation 5.23. An action α : G Ñ AutpKpHqq of a locally compact group G
on the algebra of compact operators on a Hilbert space H is amenable if and only
if G is amenable.
Thus, if we combine the above observations, in order to produce a non-amenable
action αω¯ : GÑ AutpKpHqq which satisfies (WC), it suffices to find a non-amenable
group G and a circle-valued 2-cocycle ω : G ˆ G Ñ T such that C˚maxpG,ωq –
C˚redpG,ωq via the ω-regular representation λω .
In order to find such examples, we now consider central extensions
1Ñ Z Ñ LÑ GÑ 1
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of second countable locally compact groups. In this situation the maximal C˚-group
algebra C˚maxpLq carries a canonical structure as C0p pZq-algebra via the structure
homomorphism
Φ : C0p pZq – C˚pZq Ñ ZMpC˚maxpLqq ; Φp pfq “ ż
Z
fpzqiLpzq dz,
if pf P C0p pZq denotes the Fourier transform of f P CcpZq Ď C˚pZq, and where
iL : LÑ UMpC˚maxpLqq is the canonical homomorphism. The fibre C˚maxpLqχ over
a character χ P pZ is is the quotient of C˚maxpLq (respectively C˚redpLqq by the ideal
(13) Iχ :“
č!
ker U˜ : U P pL,U |Z “ χ ¨ 1HU) .
Composing Φ : C0p pZq Ñ ZMpC˚maxpLqq with the regular representation induces a
similar structure as a C0p pZq-algebra on C˚redpLq and if G is exact (or pZ is discrete),
the fibres C˚redpLqχ at χ P pZ are the quotients
C˚redpLq{pker λ˜H ` Iχq “ C˚maxpLqχ{Iredχ
with
(14) Iredχ :“
č!
ker U˜ : U P pL,U |Z “ χ ¨ 1HU , U ă λL) .
If Z happens to be compact (or even finite), we get direct sum decompositions
(15) C˚maxpLq “
à
χP pZ C
˚
maxpLqχ and C˚redpLq “
à
χP pZ C
˚
redpLqχ.
The fibres C˚maxpLqχ and C˚redpLqχ have alternative descriptions as twisted group
algebras. This well-known fact, which goes back to Mackey’s analysis of unitary
representations for group extensions, can be deduced, for example, from [46, The-
orem 1.2] (see also [27, Lemma 6.3]), but in order to give a complete picture, we
present the main ideas below.
First we choose once and for all a Borel cross-section c : GÑ L for the quotient
map q : L Ñ G such that cpeGq “ eL. Then each character χ P pZ determines a
2-cocycle ωχ : GˆGÑ T by
ωχpg, hq “ χ
`
cpgqcphqcpghq´1˘, g, h P G.
Lemma 5.24. For χ P pZ let ωχ be as above. Then for every Hilbert space H, the
assignment
U ÞÑ V :“ U ˝ c
gives a one-to-one correspondence between the unitary representations U : L Ñ
UpHq which restrict to χ ¨ 1H on Z and the ωχ-representations V : GÑ UpHq.
Proof. To see that V “ U ˝ c is an ωχ-representation, we simply observe that for
all g, h P G, we have
VgVhpVghq˚ “ UpcpgqcpLqcpghq´1q “ χpcpgqcphqcpghq´1q1H “ ωχpg, hq1H .
Conversely, if V : G Ñ UpHq is an ωχ-representation, we use the fact that every
h P L can be written uniquely as h “ cpgqz for some g P G and z P Z. We then
define U : LÑ UpHq by Upcpgqzq “ V pgqχpzq. It is then easy to check that U is a
weakly Borel homomorphism. Hence U is a weakly continuous homomorphism by
a well-known automatic continuity theorem for Polish groups. 
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Remark 5.25. If χ P pZ, then, using the Borel-section c : G Ñ L, the induced
representation IndLZ χ in the sense of Mackey and Blattner (e.g., see [23, Section
2.7] for the definition in this setting) can be realized on the Hilbert space L2pGq by
the formula
(16)
`
IndLZ χpcpgqzqξ
˘phq “ χpzqωχpg, g´1hqξpg´1hq g, h P G, z P Z.
Indeed, If Hχ “ Fχ is the Hilbert space of the induced representation as defined
preceding [23, Proposition 2.7.7], then the map W : Fχ Ñ L2pGq; ξ ÞÑ ξ ˝ c ex-
tends to a unitary intertwiner between Blattner’s realization of IndLZ χ and the
representation defined by the formula (16).
It follows that IndLZ χ corresponds to the ωχ-regular representation λ
ωχ under
the correspondence of Lemma 5.24 above.
Proposition 5.26. Let 1 Ñ Z Ñ L Ñ G Ñ 1 be as above and for each χ P pZ let
ωχ P Z2pG,Tq be the cocycle determined by χ and the Borel cross-section c : GÑ L.
Then the map
ϕχ : CcpLq Ñ L1pG,ωχq ; ϕχpfqpgq :“
ż
Z
fpcpgqzqχpzq dz
extends to a surjective ˚-homomorphism φχ : C˚maxpLq Ñ C˚maxpG,ωχq with kernel
Iχ, and therefore induces an isomorphism
C˚maxpLqχ – C˚maxpG,ωχq.
Similarly, the map ϕχ induces an isomorphism C
˚
redpLqχ – C˚redpG,ωχq.
Proof. Using the formula
ş
L
fplq dl “ ş
G
`ş
Z
fpcpgqzq dz˘ dg it follows from a lengthy
but straightforward computation that the map ϕχ : CcpLq Ñ L1pG,ωχq preserves
convolution and involution. To see that it extends to C˚maxpLq (respectively C˚redpLq)
it suffices to show that for every ωχ-representation V : GÑ UpHq the composition
V˜ ˝ ϕχ is the integrated form of the unitary representation U : L Ñ UpHq, which
corresponds to V as in Lemma 5.24. Using Upcpgqzq “ Vgχpzq this follows from
V˜ ˝ ϕχpfq “
ż
G
ǫχpfqpgqVg dg “
ż
G
ż
Z
fpcpgqzqχpzqVg dz dg
“
ż
G
ż
Z
fpcpgqzqUpcpgqzq dz dg “
ż
L
fplqUl dl “ U˜pfq.
It follows also from this computation that V˜ ÞÑ V˜ ˝ φχ gives a one-to-one corre-
spondence between the representations of C˚maxpG,ωχq and the representations of
the quotient C˚maxpLqχ “ C˚maxpLq{Iχ, which completes the proof for the maximal
(twisted) C˚-group algebras. A similar result follows for the reduced (twisted)
C˚-group algebras by combining the above argument with Remark 5.25. 
We are now ready to formulate the following principle:
Proposition 5.27. Suppose that 1 Ñ Z Ñ L Ñ G Ñ 1 is a central extension of
second countable groups such that Z is compact or G is exact. Suppose further that
G is not amenable and there exists a character χ P pZ such that the following holds:
(Z) Every irreducible unitary representation U : LÑ UpHq of L which restricts
to χ ¨ 1H on Z is weakly contained in the regular representation λL of L.
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Then C˚maxpG,ωχq – C˚redpG,ωχq via the ωχ-regular representation λ˜ωχ . In partic-
ular, there exists a non-amenable action αχ : GÑ AutpKpHqq such that
KpHq ¸max G – KpHq ¸red G
via the regular representation.
Proof. If χ P pZ such that property (Z) holds for χ, then it follows from the de-
scription of the fibres C˚maxpLqχ and C˚redpLqχ as quotients of C˚maxpLq by the ideals
described in (13) and (14) that the regular representation λ˜L : C
˚
maxpLq Ñ C˚redpLq
factors through an isomorphism C˚maxpLqχ – C˚redpLqχ. The result then follows
from Proposition 5.26 together with Observations 5.22 and 5.23 
We are grateful to Timo Siebenand for helpful discussions towards the following
example for a central extension satisfying all the assumptions of the above propo-
sition.
Example 5.28. Consider the central extension
1Ñ C2 Ñ SLp2,Cq Ñ PSLp2,Cq Ñ 1,
where C2 denotes the cyclic group of order two sitting in SLp2,Cq via ˘I with
I the identity matrix. The representation theory of SLp2,Cq is well known and,
following [31], a complete list of (equivalence classes) of irreducible representations
of SLp2,Cq can be parametrized by the parameter space P consisting of the disjoint
union of the following subsets of N0 ˆ C:
P “ “Nˆ iR‰Y “t0u ˆ ir0,8q‰Y “t0u ˆ p0, 1q‰ˆ “p0, 2q‰
If p0, 2q ‰ pn, sq P P the corresponding irreducible representationU pn,sq : SLp2,Cq Ñ
UpHpn,sqq acts on a Hilbert space Hpn,sq consisting of certain functions ξ : C Ñ C
by the formula
(17)
´
U pn,sq
`
a b
c d
˘
ξ
¯
pzq “ pbz ` dq´n|bz ` d|n´2s´2f`az ` c
bz ` d
˘
.
The point p0, 2q P P parametrizes the trivial representation of SLp2,Cq. It has
been shown by Lipsman in [42] that the only representations in this list which are
not weakly contained in the regular representation λ are the trivial representation
(with parameter p0, 2q) and the representations U p0,tq with t P p0, 1q. But formula
(17) easily shows that all these representations restrict to a multiple of the trivial
character of C2. Hence it follows that the non-trivial character χ of C2 satisfies all
assumptions of Proposition 5.27.
A similar direct approach, using the well-known representation theory of SLp2,Rq
shows, that the central extension 1 Ñ C2 Ñ SLp2,Rq Ñ PSLp2,Rq Ñ 1 together
with the non-trivial character of C2 also gives an example satisfying the assumptions
of Proposition 5.27.
Remark 5.29. We should point out that the above example does not contradict
Theorem 5.18. Indeed, if ω P Z2pG,Tq and αω : GÑ AutpKq is the corresponding
action on K “ KpHq, then pαωqop : GÑ AutpKopq can be identified (up to exterior
equivalence) with αω¯ : GÑ AutpKq. But then the diagonal action αω b pαωqop „
αωbαω¯ corresponds to the trivial cocycle 1 “ ω ¨ ω¯, and therefore the action can be
implemented as αω b αω¯ “ AdU for a weakly continuous homomorphism U : GÑ
UpH bHq. But for such actions it is easy to see that (WC) implies amenability of
the action, hence amenability of G (e.g., see the proof of Proposition 5.30 below).
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It follows in particular that for the actions α : G Ñ AutpKq constructed by the
principle in Proposition 5.27, the actions αb αop never satisfy (WC).
A similar construction of actions on K “ KpHq of a non-amenable discrete group
Γ seems to be very unlikely, due to the following observation:
Proposition 5.30. Suppose that Γ is a discrete group which contains a copy of
the free group F2 in two generators. Then, for every action α : G Ñ AutpKq the
regular representation Λ : K ¸max Γ Ñ K ¸red Γ is not faithful. Hence pK, αq does
not satisfy (WC).
For the proof we need:
Lemma 5.31. Suppose that α : G Ñ AutpAq is an action of the locally compact
group G on the C˚-algebra A and let H Ď G be an open subgroup of G. If pA,αq
satisfies (WC), then so does pA,α|Hq.
Proof. This follows from the commutative diagram
A¸max H ΛpA,HqÝÝÝÝÑ A¸red H§§đ §§đ
MpA¸max Gq ΛpA,GqÝÝÝÝÑ MpA¸red Gq
together with the fact that the vertical arrows are faithful, since H is open in G,
and the lower horizontal arrow is faithful if pA,αq satisfies (WC). 
Proof of Proposition 5.30. Assume that α : Γ Ñ AutpKq is an action which sat-
isfies (WC). By assumption, Γ contains the free group F2. Thus it follows from
Lemma 5.31 that the restriction of α to F2 Ď Γ also satisfies (WC). Since every
automorphism of K “ KpHq is of the form AdU for a some U P UpHq, it follows
from the freeness of F2 that there exist a unitary representation U : F2 Ñ UpHq
such that αg “ AdUg for each g P F2. It then follows that the map
CcpF2q dK Ñ CcpF2,Kq; f b k ÞÑ
“
g ÞÑ fpgqkU˚g
‰ P CcpG,Kq
extends to isomorphisms
C˚maxpF2q bK – K ¸max F2 and C˚redpF2q bK – K ¸red F2
and under these isomorphisms the representation λF2 b idK is transformed to the
regular representation Λ : K ¸max F2 Ñ K ¸red F2. But since F2 is not amenable,
the regular representation λF2 : C
˚
maxpF2q Ñ C˚redpF2q (and hence also λF2 b idK) is
not faithful. This completes the proof. 
Remark 5.32. Note that G “ PSLp2,Cq has many non-amenable discrete sub-
groups, all of which contain a copy of F2 by the Tits alternative. It follows
from Proposition 5.27 together with Example 5.28 that there exists an action
α : GÑ AutpKq such that pK, αq satisfies (WC) but pK, α|Γq does not. Thus we see
that (WC) does not in general pass to restrictions of actions to closed subgroups,
even if the groups involved are exact.
Remark 5.33. Our examples also show that the (WC) does not pass, in general,
from GˆG to G viewed as a diagonal subgroup of GˆG. In other words, there are
GˆG-C˚-algebrasD withD¸maxpGˆGq “ D¸redpGˆGq butD¸maxG ­“ D¸redG
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when D is viewed as a G-C˚-algebra with respect to the restriction of the GˆG-
action to G via the diagonal subgroup embedding G ãÑ G ˆ G. Indeed, for this
we take A “ K endowed with one of the actions α as above and let D “ A b Aop
endowed with the G ˆ G-action given by γpg,hq :“ αg b αoph . This G ˆ G-action
satisfies (WC) since
D ¸max pGˆGq – pA¸max Gq b pAop ¸max Gq
– pA¸red Gq b pAop ¸red Gq – D ¸red pGˆGq.
Notice that all C˚-algebras involved here are nuclear, so that we do not need to
worry about the choice of maximal or minimal tensor product. On the other hand,
the restriction of the G ˆ G-action on D to G is α b αop which, by the non-
amenability of α, does not satisfy (WC) by Theorem 5.18.
We close this section with an application of the above results towards property
(WF3) as considered by Bekka and Valette in [13]. A locally compact group G
satisfies property (WF3) if (and only if) for every closed subgroup H and every
irreducible unitary representation v of H there exists a unitary representation u of
G such that v is weakly contained in the restriction u|H . As pointed out in [13],
this is equivalent to asking whether the canonical ˚-homomorphism
jH : C
˚
maxpHq ÑMpC˚maxpGqq
given as the integrated form of the restriction iG|H of the canonical map iG : GÑ
UMpC˚maxpGqq is faithful for all closed subgroups H of G. Note that amenable
groups and discrete groups always satisfy (WF3) but it is shown in [13] that (WF3)
might fail in general. Indeed, [13, Theorem 1.3] shows that an almost connected
group G satisfies (WF3) if and only if G is amenable. It is an interesting problem
for a given group G to determine all closed subgroups H for which the the map jH :
C˚maxpHq Ñ MpC˚maxpGqq fails to be injective. The following result complements
the results on lattices in SLp2,Rq and SLp2,Cq as given in [13, Section 5]:
Theorem 5.34. Let Γ be any nonabelian discrete subgroup of G “ SLp2,Rq (resp.
G “ SLp2,Cq) which contains the center Z of G. Then the canonical ˚-homomorphism
jΓ : C
˚
maxpΓq ÑMpC˚maxpGqq is not injective.
Proof. Since Z{2Z – Z Ď Γ we may write C˚maxpΓq as the direct sum C˚maxpΓq1Z ‘
C˚maxpΓqχ as in (15) where 1Z denotes the trivial character and χ the nontrivial char-
acter of Z. With the similar decomposition of C˚maxpGq as C˚maxpGq1Z ‘C˚maxpGqχ
it is easy to see that the jΓ decomposes into the direct sum of the two canonical
˚-homomorphisms
j1 : C
˚
maxpΓq1Z ÑMpC˚maxpGq1Z q and jχ : C˚maxpΓqχ ÑMpC˚maxpGqχq.
Thus jΓ is faithful if and only if both, j1 and jχ are faithful. If αχ : G{Z Ñ
AutpKq is the corresponding action on the compacts, faithfulness of jχ translates
into faithfulness of the canonical ˚-homomorphism
jα : K ¸αχ,max pΓ{Zq Ñ K ¸αχ,max pG{Zq.
By Example 5.28 we have K ¸max pG{Zq “ K ¸red pG{Zq and hence jα factors
through the composition
K¸max pΓ{Zq ΛÑ K ¸red Γ{Z ãÑ K ¸red pG{Zq
which is not faithful by Proposition 5.30. 
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6. Regular X ¸G algebras and type I C˚-algebras
In this section we study amenability in some special situations like actions on
type I algebras or for X¸G-algebras in which X is a G-space with good regularity
properties.
6.1. Amenability of regular X¸G-algebras. Recall that if X is a locally com-
pact G-space, then a G-C˚-algebra pA,αq is called an X¸G-algebra, if there exists
a nondegenerate G-equivariant ˚-homomorphism Φ : C0pXq Ñ ZMpAq. If A is an
X¸G-algebra, then for each x P X the fibre Ax of A at x is the quotient Ax :“ A{Ix,
where Ix :“ ΦpC0pXrtxuqqA is the ideal of “sections” which vanish at x. It follows
from [53, Theorem C.26] that a G-C˚-algebra pA,αq has the structure of an X¸G-
algebra if and only if there exists a continuousG-equivariant map ϕ : PrimpAq Ñ X .
More precisely, given Φ : C0pXq Ñ ZMpAq as above, then the corresponding map
ϕ : PrimpAq Ñ X sends the closed subspace PrimpAxq Ď PrimpAq to the point x.
If Gx “ tg P G : gx “ xu denotes the stabilizer at a point x P X , then α induces
an action αx : Gx Ñ AutpAxq via αxgpa ` Ixq “ αgpaq ` Ix. In what follows, we
denote by Gpxq “ tgx : g P Gu the G-orbit of x P X .
Recall that a topological space Z is called almost Hausdorff if every closed subset
Y of Z contains a relatively open dense Hausdorff subset U Ď Y and Z is called a
T0-space if for two points y, z P Z with y ‰ z at least one of these points is not in
the closure of the other.
Definition 6.1. A locally compact G-space X is called regular if at least one of
the following conditions hold:
(1) For each x P X the canonical map G{Gx Ñ Gpxq; gGx ÞÑ gx is a home-
omorphism and the orbit space GzX is either almost Hausdorff or second
countable.
(2) GzX is almost Hausdorff and G is σ-compact.
(3) G and X are second countable and GzX is a T0-space.
As our next application of Theorem 5.18 and Corollary 5.19 we now prove
Theorem 6.2. Suppose that G is an exact group and that X is a regular locally
compact G-space. Further let pA,αq be an X ¸G-algebra. Then the following are
equivalent:
(1) α : GÑ AutpAq is amenable.
(2) For every x P X the action αx : Gx Ñ AutpAxq is amenable.
Proof. To see (1)ñ(2) we first apply Proposition 5.20 to see that the restriction of
α to Gx is amenable for all x P X . (Note that closed subgroups of exact groups are
exact by [41, Theorem 4.1].) Since Ax is a quotient of A by the Gx-invariant ideal
Ix, it follows then from Proposition 3.22 that the resulting action on Ax “ A{Ix is
amenable as well.
For (2)ñ(1) we show that for every G-C˚-algebra pB, βq the regular represen-
tation
Λ : pAbmax Bq ¸max GÑ pAbmax Bq ¸red G
is an isomorphism. The result then follows from Corollary 5.19.
Indeed, if pA,αq is anX¸G algebra via the structure map Φ : C0pXq Ñ ZMpAq,
then pAbmax B,αb βq is an X ¸G-algebra with respect to the structure map
Φb 1 : C0pXq Ñ ZMpAbmax Bq.
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Moreover, it follows from the exactness of the maximal tensor-product that the
fibre pAbmaxBqx is isomorphic to AxbmaxB with action pαbβqx “ αxbβ : GÑ
AutpAx bmax Bq. Now if αx is amenable, the same is true for αx b β. It follows
that the X ¸ G-algebra pA bmax B,α b βq again satisfies all assumptions of the
theorem.
It therefore suffices to show that, under the assumptions of the theorem, the
maximal and reduced crossed products coincide. For this it suffices to show that
every primitive ideal of A¸max G contains the kernel of the regular representation
Λ : A ¸max G Ñ A ¸red G. To see this, let ϕ : PrimpAq Ñ X be the continuous
G-map corresponding to Φ. It follows then from [26, Proposition 3] that ϕ is
a complete regularization in the sense of [26, Definition 1], which then implies
(using [26, Proposition 2]) that every primitive ideal P P PrimpA ¸max Gq can be
realized as the kernel of an induced representation IndGGxpρ ¸ uq, where pρ, uq is
the inflation of some irreducible representation of pAx, Gx, αxq to pA,Gx, αq. Since
αx : Gx Ñ AutpAxq is amenable, the representation ρ¸u is weakly contained in the
inflation of the regular representation of pAx, Gx, αxq to pA,Gx, αq, which, in turn,
is weakly contained in the regular representation of A ¸max Gx. Since induction
preserves weak containment and since the regular representation of A ¸max Gx
induces to the regular representation Λ of A ¸max G, we see that IndGGxpρ ¸ uq is
weakly contained in Λ, which just means that P “ kerpIndGGxpρ ¸ uqq Ě kerΛ and
the result follows. 
A trivial G-space X is always regular, so the following is an immediate conse-
quence of Theorem 6.2.
Corollary 6.3. Suppose that pA,αq is an X ¸ G algebra with X a trivial G-
space and that G is exact. Then α is amenable if and only if all fibre actions
αx : GÑ AutpAxq are amenable. 
If H is a closed subgroup of G and α : H Ñ AutpAq is an action, then
IndGHpA,αq “
"
f P CbpG,Aq : fpghq “ αh´1pfpgqq for all g P G, h P H ,and pgH ÞÑ }fpgq}q P CcpG{Hq
*
,
is a G-C˚-algebra with respect to the action
Indα : GÑ AutpIndGH Aq; Indαgpfqptq :“ fpg´1tq.
The system pIndGHpA,αq, G, Indαq is called the system induced from pA,H, αq to
G. Note that there is a canonical G-equivariant structure map
Φ : C0pG{Hq Ñ ZpIndGHpA,αqq;
`
Φpϕqf˘pgq “ ϕpgHqfpgq,
which gives pIndGHpA,αq, G, Ind αq the structure of a G{H¸G-algebra. The evalua-
tion maps f ÞÑ fpgq then identify the fibres pIndGHpA,αqqgH with A and the actions
pIndαqgH : GgH “ gHg´1 Ñ AutppIndGHpA,αqqgH q with αg : gHg´1 Ñ AutpAq
given by αg
ghg´1
“ αh. Thus, as a direct corollary of Theorem 6.2 we get
Corollary 6.4. Let H be a closed subgroup of the exact group G and let α : H Ñ
AutpAq be an action. Then the induced action Indα : G Ñ AutpIndGHpA,αqq is
amenable if and only if α is amenable. 
Note that for discrete groupsG the above result has been shown by Anantharaman-
Delaroche in [5, The´ore`me 4.6] without any exactness conditions on G.
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Before we state our next result, we need to recall a theorem of Glimm ([32,
Theorem 1]):
Theorem 6.5 (Glimm). Suppose that the second countable locally compact group
G acts on the almost Hausdorff second countable locally compact space X. Then
the following are equivalent:
(1) GzX is a T0 space.
(2) Each orbit Gpxq is locally closed, that is Gpxq is relatively open in its clo-
sure.
(3) For each x P X the canonical map G{Gx Ñ Gpxq; gGx Ñ gx is a homeo-
morphism.
(4) There exists an increasing system pUνq of open G-invariant subsets of X
indexed over the ordinal numbers ν such that
(a) U0 “ H and X “ Uν0 for some ordinal ν0;
(b) for every limit ordinal ν we have Uν “
Ť
µăν Uµ; and
(c) GzpUν`1 r Uνq is Hausdorff for all ν. 
Note that Glimm’s original theorem lists a number of other equivalent state-
ments, but the above are all we need. If Gñ X satisfies the statements of Glimm’s
theorem, we say that X is a regular G-space. Item (1) in Glimm’s theorem implies
that this is compatible with Definition 6.1 if X is Hausdorff.
The theorem applies in particular to actions α : GÑ AutpAq of second countable
groups on separable type I C˚-algebras: in this situation the dual space pA of unitary
equivalence classes of irreducible ˚-representations of A is almost Hausdorff and
locally compact with respect to the Jacobson (or Fell) topology as described in
[24, Chapter 3]. If α : G Ñ AutpAq is an action, then there is a corresponding
topological action Gñ pA given by pg, rπsq ÞÑ rπ ˝αg´1s. Moreover, for each rπs P pA
the action α induces an action απ of the stabilizer Gπ on the algebra of compact
operators KpHπq given by απg “ AdVg if Vg P UpHπq is a unitary which implements
the unitary equivalence π » π ˝ αg (e.g., see [23, Remark 2.7.28]).
Theorem 6.6. Suppose that G is a second countable exact locally compact group
and α : GÑ AutpAq a strongly continuous action of G on the separable type I C˚-
algebra A such that the corresponding action on pA is regular. Then α is amenable
if and only if all stabilizers Gπ for the action of G on pA are amenable.
Proof. We first observe that it follows from Glimm’s theorem, that for each rπs P pA
the orbit Gprπsq “ trπ ˝ αgs : g P Gu is locally closed in pA. This implies that there
are G-invariant ideals J Ď I Ď A such that Gprπsq –yI{J : just take
J “
č
tker ρ : rρs P Gprπsqu and I “
č!
kerσ : rσs P GprπsqrGprπsq
)
and use the well-known correspondences between open (respectively closed) subsets
of pA with the duals of ideals (respectively quotients) of A as explained in [24,
Chapter 3]. In what follows, we shall write AGprπsq for this subquotient I{J .
Since by Proposition 3.22 amenability passes to ideals and quotients it follows
that amenability of α implies amenability of the induced action αGprπsq of G on the
subquotient AGprπsq. Since Gprπsq – {AGprπsq, it follows from [25, Theorem] that
pApGrπsq, αGprπsqq is isomorphic to the induced system
`
IndGGπpKpHπq, απq, Indαπ
˘
.
Thus, it follows from Corollary 6.4 that αGprπsq is amenable if and only if the action
62 ALCIDES BUSS, SIEGFRIED ECHTERHOFF, AND RUFUS WILLETT
απ : Gπ Ñ AutpKpHπqq is amenable, which by Observation 5.23 is equivalent to
amenability of Grπs.
So far we observed that under the assumptions of the theorem amenability of α
implies amenability of Gπ for all rπs P pA. To see the converse, let pUνq be a system
of G-invariant open subsets of pA over the ordinal numbers as in Glimm’s theorem.
Then for each ν there is a unique G-invariant ideal Iν Ď A such that Uν – pIν .
Since pA “ Uν0 “ xIν0 for some ordinal number ν0, we also have A “ Iν0 .
We show by transfinite induction that, if all stabilizers Gπ are amenable, then
the restrictions αν : GÑ AutpIνq of α to the G-ideals Iν are amenable for all ν. For
ν “ 0 we have U0 “ H and therefore I0 “ t0u and the result is clear. So suppose
now that 0 ă ν is an ordinal number such that αµ : G Ñ AutpIµq is amenable for
all µ ă ν. If ν is a limit ordinal, then Uν “
Ť
µăν Uµ from which it follows that
Iν “
Ť
µăν Iµ. It follows then from Proposition 3.33 that α
ν : G Ñ AutpIνq is
amenable.
So assume now that ν “ µ`1 for some ordinal µ. By the conditions in item (4) of
Glimm’s theorem the spaceXν :“ GzpUνrUµq – Gzp{Iν{Iµq is Hausdorff. Therefore
the G-C˚-algebra Aν :“ Iν{Iµ has the structure of an Xν¸G-algebra for the trivial
G-space Xν , and it is a good exercise to check that the fibre actions α
Gprπsq : GÑ
AutpAGprπsqq at orbits Gprπsq P Xν coincide with the actions pAGprπsq, αGprπsqq as
studied above. As seen above, these fibre systems are amenable iff the groups Gπ
are amenable. Thus it follows from Corollary 6.3 that amenability of Gπ for all
rπs P pA implies amenability of the action on Aν “ Iν{Iµ. By assumption, the
action on Iµ is amenable as well. Hence Proposition 3.22 now implies amenability
of αν : GÑ AutpIνq. This finishes the proof. 
6.2. Actions on type I C˚-algebras with Hausdorff spectrum. If pA,αq is
a separable type I G-C˚-algebra with Hausdorff spectrum pA “ X such that the
action of the second countable exact group G is regular in the sense of the previous
section, then it is an easy consequence of Theorem 6.6 that α is amenable if and
only if the action on C0pXq is amenable. We will now show with different methods
that this result holds true without any regularity conditions on the action:
Theorem 6.7. Let α : G Ñ AutpAq be an action of a second countable locally
compact group on the separable type I algebra A such that X “ pA is Hausdorff.
Then α is amenable if and only if the corresponding action on C0pXq is amenable.
Recall that a C˚-algebra A is called a continuous-trace algebra if it is type I
with Hausdorff spectrum pA and such that for every rπs P pA there exists an open
neighbourhood U of rπs in pA and an element a P A` such that ρpaq is a projection
of rank one for all rρs P U (e.g., see [24, Proposition 4.5.3]). In this case the ideal
AU Ď A satisfying xAU “ U is Morita equivalent to C0pUq. We refer to [24, Chapter
10] or [47] for detailed treatments of continuous-trace algebras.
The proof of Theorem 6.7 will use the structure of the equivariant Brauer group
as introduced in [22]. For this recall that if X is a paracompact locally compact
G-space, then the elements of the equivariant Brauer group BrGpXq are the X¸G-
equivariant Morita equivalence classes rA,αs of all systems pA,G, αq in which A is a
separable continuous-trace C˚-algebra with spectrum pA – X and α : GÑ AutpAq
is an action which covers the given action of G on X via the identification X – pA.
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Then it is shown in [22, Theorem 3.6] that BrGpXq becomes an abelian group if we
define multiplication of two elements rA,αs and rB, βs by
rA,αs ¨ rB, βs “ rAbX B,αbX βs
where AbX B denotes the C0pXq-balanced tensor product of A with B, which can
can be defined as the quotient pA b Bq{JX where JX denote the ideal in A b B
generated by all elements of the form
af b b´ ab fb; a P A, b P B, f P C0pXq,
where C0pXq acts on A and B via the identification CbpXq – ZpMpAqq – ZMpBq
given by the Dauns-Hofmann theorem (e.g., see [47] for more details). The neutral
element is given by the class rC0pXq, τ s, where τ : G Ñ AutpC0pXqq is the action
associated to the given G-action on X .
Lemma 6.8. The statement of Theorem 6.7 holds true if, in addition, A is a
continuous-trace algebra.
Proof. By Theorem 5.18 we know that if α : G Ñ AutpBq is amenable and β :
G Ñ AutpBq is any action, then the diagonal action α b β : G Ñ AutpA bmax Bq
is amenable. Since amenability always passes to quotients by G-invariant ideals
(Proposition 3.22) it then follows that amenability of α also passes to diagonal
actions on balanced tensor products A bC0pXq B. Moreover, by Proposition 3.18
amenability is stable under G-equivariant Morita equivalences. Thus, if α : G Ñ
AutpAq is an amenable action on the continuous trace algebra A with spectrum
X “ pA, then the action α bX β : G Ñ AutpA bX Bq is amenable as well, for
every continuous-trace G-C˚-algebra B with spectrum X – pB such that the action
β : GÑ AutpBq covers the given action on X . Now, if pB,G, βq is a representative
of the inverse class rA,αs´1 in BrGpXq, then pAbX B,G, αbX βq is equivariantly
Morita equivalent to pC0pXq, G, τq. Hence it follows that τ : G Ñ AutpC0pXqq is
amenable as well.
For the converse, assume that τ : GÑ AutpC0pXqq is amenable. Since rC0pXq, τ s
is the unit in BrGpXq, we get rA,αs “ rC0pXqbX A, τ bX αs. Hence α is amenable
as well. 
The following lemma, which is possibly well-known, provides the tool to reduce
the proof of Theorem 6.7 to the case of continuous-trace algebras.
Lemma 6.9. Let pA,αq be a separable type I G-C˚-algebra such that pA is Haus-
dorff. Then then there exists a non-zero closed G-invariant continuous-trace ideal
I of A.
Proof. It follows from [24, Theorem 4.5.5] that there exists a non-zero continuous-
trace closed ideal J of A. Let V “ pJ Ď pA and let U “ ŤgPG g ¨ V . Then U is a
non-empty G-invariant open subset of pA. Let I Ď A denote the G-invariant ideal
such that U “ pI Ď pA. The pI is Hausdorff. Thus in order to check that I is a
continuous-trace algebra, we only need to check that for each rπs P pI there exists
an open neighbourhood W of rπs and a positive element a P I` such that ρpaq is
a rank one projection for all rρs P W . But this follows easily from the fact that
rπs P g ¨ V “{αgpJq for some g P G and that αgpJq Ď I has continuous trace for all
g P G. 
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Proof of Theorem 6.7. It follows from Lemma 6.9 together with transfinite induc-
tion that there exists an increasing sequence of G-invariant ideals pIνqν , indexed
by the ordinal numbers, such that A “ Iµ0 for some ordinal µ0, Iµ “
Ť
νăµ Iν for
every limit ordinal µ, and for every ν the quotient Iν`1{Iν is a continuous-trace
algebra. Likewise, if Uν “ pIν , pC0pUνqqν is a sequence of ideals in C0pXq with
the same properties. It follows then from a combination of Proposition 3.22 with
Proposition 3.33 that α : G Ñ AutpAq is amenable if and only if the actions on
the quotients Iν`1{Iν are all amenable and, similarly, that the action on C0pXq
is amenable if and only if the actions on C0pUν`1 r Uνq “ C0pUν`1q{C0pUνq are
all amenable. Since Uν`1 r Uν “ pIν`1{Iνqp , the result now follows from Lemma
6.8. 
7. Regularity properties
In this section, we collect together some results relating the equivariant versions
of injectivity and the WEP to amenability and the weak containment property.
7.1. Properties passing to the crossed product by an amenable action. We
now show that amenable actions have good permanence properties with respect to
nuclearity, exactness, the WEP, and the LLP. We first start with a lemma. For the
statement, let us say that a pair pA,Dq of C˚-algebras is nuclear if the canonical
map Abmax D Ñ AbD is an isomorphism.
Lemma 7.1. Let pA,αq be an amenable G-C˚-algebra, and let D be a C˚-algebra.
Then pA,Dq is a nuclear pair if and only if pA¸max G,Dq is a nuclear pair.
Proof. Let us consider D as a G-C˚-algebra via the trivial action id. There is then
a sequence of canonical ˚-homomorphisms
pA¸max Gq bmax D p1qÑ pAbmax Dq ¸max G p2qÑ pAbmax Dq ¸red G
p3qÑ pAbDq ¸red G p4qÑ pA¸red Gq bD
p5qÑ pA¸max Gq bD
that we now explain. The homomorphisms labeled (1) and (4) are the canonical
untwisting isomorphisms (see for example [23, Lemma 2.4.1]). The homomorphism
(2) is the canonical quotient map, and is an isomorphism as α b id is amenable
by Theorem 5.18, whence Proposition 5.9 implies that the maximal and reduced
crossed products agree. The homomorphism (5) is the canonical isomorphismA¸red
G “ A ¸max G arising from amenability of α and Proposition 5.9 again. The
homomorphism labeled (3) is induced from the canonical quotient map AbmaxD Ñ
A bmin D. It follows that the composition of all the maps (1)-(5) above is an
isomorphism if and only if the map labeled (3) is an isomorphism; however, the
former is precisely the statement that pA ¸max G,Dq is a nuclear pair, and the
latter is the statement that pA,Dq is a nuclear pair. 
Theorem 7.2. Let pA,αq be an amenable G-C˚-algebra. Then A is nuclear (respec-
tively has the WEP, has the LLP) if and only if A¸maxG is nuclear (respectively has
the WEP, has the LLP).
Proof. A C˚-algebra is nuclear if and only if pA,Dq is a nuclear pair for any C˚-
algebra D. Hence the statement on nuclearity is immediate from Lemma 7.1. The
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assertions on the WEP and the LLP are also direct consequences of Lemma 7.1:
by [17, Corollary 13.2.5] the WEP of a C˚-algebra A is equivalent to the statement
that Bpℓ2q forms a nuclear pair with A and the LLP is equivalent to the statement
that C˚pFq forms a nuclear pair with A, where F denotes a free group on countably
infinitely many generators. 
Remark 7.3. IfG is discrete and pA,αq is aG-C˚-algebra, Anantharaman-Delaroche
shows in [5] that A¸redG is nuclear if and only if A is nuclear and α is amenable.
An analogous result cannot be true for actions of general locally compact groups,
since by a famous result of Connes [21, Corollary 6.9 (c)] we know that the reduced
group algebra C˚redpGq “ C¸red G of any second countable connected locally com-
pact group is nuclear; however, the trivial action of G on C is amenable if and only
if G is amenable. Note that there are many connected locally compact groups (e.g.
SLp2,Rq) that are not amenable.
Proposition 7.4. Let pA,αq be an amenable G-C˚-algebra. Then A is exact if
and only if A¸max G is exact.
Proof. Assume that A is exact and let J ãÑ B ։ C be a short exact sequence of
C˚-algebras equipped with the trivial action. We thus get a commutative diagram
0 ÝÝÝÝÝÑ pAb Jq ¸max G ÝÝÝÝÝÑ pAbBq ¸max G ÝÝÝÝÝÑ pAbCq ¸max G ÝÝÝÝÝÑ 0
–
§§đ –§§đ §§đ–
0 ÝÝÝÝÝÑ pAb Jq ¸red G ÝÝÝÝÝÑ pAbBq ¸red G ÝÝÝÝÝÑ pAb Cq ¸red G ÝÝÝÝÝÑ 0
–
§§đ –§§đ §§đ–
0 ÝÝÝÝÝÑ pA¸red Gq b J ÝÝÝÝÝÑ pA¸red Gq bB ÝÝÝÝÝÑ pA¸red Gq b C ÝÝÝÝÝÑ 0
for which the upper vertical arrows are isomorphisms by Theorem 5.18 and Propo-
sition 5.9, and the lower vertical arrows are isomorphisms by well-known compati-
bilities between crossed products and tensor products (see for example [23, Lemma
2.4.1]). Hence the bottom line is exact if and only if the top line is. The former holds
for any short exact sequence if and only if A ¸red G is exact, and the latter holds
for any short exact sequence if and only if A is exact (as ¸maxG preserves short
exact sequences - see for example [23, Proposition 2.4.8]). As A¸maxG “ A¸redG
by amenability of α and Proposition 5.9, we are done. 
7.2. Characterizing exactness via actions on G-injective algebras. We first
use amenable actions on G-injective C˚-algebras to characterizes exactness, gener-
alizing our earlier result [20, Theorem 8.3] for discrete groups to the general locally
compact case. Recall from [33] that a G-C˚-algebra A is called G-injective if for
every (˚-homomorphic) G-embedding ϕ : A ãÑ B of A into a G-C˚-algebra B there
exists a ccp G-map ψ : B Ñ A such that ψ ˝ ϕ “ idA.
The property of being aG-injective C˚-algebra is a very strong one, but examples
always exist: for example, CubpGq is always G-injective by [33, Lemma 2.1] or
[19, Proposition 2.2]. The following result is thus a generalisation of the theorem of
Brodzki-Cave-Li [16] that exactness ofG is equivalent to amenability of its canonical
action of CubpGq. It also generalizes a result of Kalantar and Kennedy [39, Theorem
1.1] characterizing exactness of a discrete group in terms of amenability of the action
of a group on its Furstenberg boundary.
Theorem 7.5. Let G be a locally compact group. Then the following are equivalent:
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(1) G is exact.
(2) Every G-injective G-C˚algebra pA,αq is strongly amenable.
(3) There exists a strongly amenable G-injective G-C˚-algebra pA,αq.
Proof. By [16, Theorem 5.8] we know that G is exact if and only if the translation
action of G on CubpGq is strongly amenable. Now if pA,αq is G-injective, then it
follows from [20, Lemma 4.3] that A is unital. Consider the diagonal action of G on
CubpGq b A and let ι : A ãÑ CubpGq bA, ιpaq “ 1b a. By G-injectivity of A there
exists a ucp G-map ϕ : CubpGq b AÑ A such that ϕ ˝ ιpaq “ a for all a P A. The
restriction of ϕ to CubpGq – CubpGq b 1A Ď CubpGq b A then gives a G-ucp map
Φ : CubpGq Ñ A. Since A lies in the multiplicative domain of ϕ, it follows that Φ
takes its values in ZpAq. Thus, if pθiq is a net of compactly supported positive type
functions which establishes strong amenability of the translation action on CubpGq,
then pΦ ˝ θiq establishes strong amenability of pA,αq, which implies (2).
(2)ñ(3) is trivial as G-injective C˚-algebras always exist. For (3)ñ(1) let pA,αq
be a G-injective strongly amenable G-C˚-algebra. Since A is unital, it follows that
α restricts to a strongly amenable action of G on the (unital) center ZpAq. But
then G is exact by [6, Theorem 7.2]. 
Remark 7.6. For discrete groups [20, Corollary 6.2] shows (amongst other things)
that G is exact if and only if it admits an amenable action on some unital C˚-
algebra. In the spirit of the result above, it would be natural to extend this result
to locally compact groups, but we do not know if this can be done: indeed, the
proof of [20, Corollary 6.2] uses that if C˚r pGq is exact then G is exact at a key step,
and this implication is open for general locally compact groups.
7.3. The continuous G-WEP. In this section we study a variant of the G-WEP
for locally compact groups, and relate it to amenability and weak containment.
Recall from [19, Definition 3.9] that a G-C˚-algebra A has the G-equivariant weak
expectation property (G-WEP) if for every G-embedding ϕ : A ãÑ B there exists
a G-equivariant ccp map ψ : B Ñ A˚˚ such that ψ ˝ ϕ “ ι, where ι : A Ñ A˚˚
denotes the canonical inclusion. The following slightly weaker notion seems more
appropriate to non-discrete groups.
Definition 7.7. A G-C˚-algebra pA,αq has the continuous G-WEP if for every G-
embedding ϕ : A ãÑ B there exists a G-equivariant ccp map ψ : B Ñ A2α such that
ψ ˝ ϕ “ iA, where iA : AÑ A2α Ď pA¸max Gq˚˚ denotes the canonical inclusion.
Lemma 7.8. The G-WEP implies the continuous G-WEP.
Proof. This follows directly from the fact that for any G-C˚-algebra A the inclusion
iA : A Ñ A2α extends to a surjective G-equivariant ˚-homomorphism i˚˚A : A˚˚ Ñ
A2α that restricts to the identity on A. 
Remark 7.9. We do not know whether the converse of the above lemma holds in
general. It does in many cases: for example if G is discrete, if the action is trivial, or
if it is implemented as α “ Adu for some strictly continuous unitary representation
u : GÑ UMpAq, as in these cases A2α – A˚˚.
The continuous G-WEP is closely connected to amenability, at least for actions
on suitably nice C˚-algebras.
Proposition 7.10. Let pA,αq be a G-C˚-algebra and consider the statements:
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(1) pA,αq has the continuous G-WEP.
(2) pA,αq is amenable.
Then (2)ñ(1) if A is nuclear, and (1)ñ(2) if G is exact. In particular, if G is
exact and A is nuclear, then both statements are equivalent.
Proof. It follows from an easy adaptation of [20, Lemma 7.9] that if pA,αq has the
continuous G-WEP, then for each unital G-C˚-algebra C there exists a ucp map
ψ : C Ñ ZpA2αq. This applies in particular to C “ CubpGq with translation action.
If G is exact, then strong amenability of the translation action of G on CubpGq
implies amenability of pA,αq.
Suppose now that, conversely, A is nuclear and α is amenable. Then A2α is
injective and so for each G-embedding ϕ : AÑ B there exists a ccp map ψ : B Ñ
A2α such that ψ ˝ϕ “ iA. Our goal is to replace ψ by a G-equivariant ccp map with
the same property.
For b P B we define an adjointable operator
mb : L
2pG,A2αq Ñ L2pG,A2αq, mbpξqpgq “ α2gpψpβg´1pbqqqξpgq.
Then m : B Ñ BpL2pG,A2αqq is a completely contractive map. Let pξiqiPI be a net
in CcpG,ZpA2αqcq Ď L2pG,ZpA2αqcq with the properties as in item (5) of Proposition
3.12. For each i, define a map
Ti : B Ñ A2α, b ÞÑ xξi |mbξiyA2α .
One then checks that the net pTiq consists of ccp maps, and so, by [17, Theorem
1.3.7] and after passing to a subnet if necessary, has a pointwise ultraweak limit,
which is also a ccp map T : B Ñ A2α. We claim that this limit has the right
properties.
First, let us check that if a is an element of A2α, then ψpaq “ a. Indeed, in this
case ma is just the operator of left-multiplication by a, and so we have
Tipaq “ xξi |aξiyA2α “
ż
G
ξipgq˚aξipgq dg.
for all i. As ξ takes values in ZpA2αq, this just equals xξi | ξiyA2αa, however, which
converges ultraweakly to a as i tends to infinity.
It remains to check that T is equivariant. Let then b P B and h P G. Then
Tipβhpbqq “ xξi |mβhpbqξiyA2α “
ż
G
ξipgq˚α2g
`
ψpβg´1hpbqq
˘
ξipgq dg.
Replacing g by hg, this becomesż
G
ξiphgq˚α2hg
`
ψpβg´1pbqq
˘
ξiphgq dg
“ α2h
´ ż
G
pλαh´1ξiqpgq˚α2g
`
ψpβg´1pbqq
˘pλαh´1ξiqpgq dg¯
“ α2hpxλαh´1ξi |mbpλαh´1ξiqyA2αq.
To prove equivariance, it thus suffices to show that
xλαh´1ξi |mbpλαh´1ξiqyA2α ´ xξi |mbξiyA2α
“ xλαh´1ξi ´ ξi |mbpλαh´1ξiqyA2α ` xξi |mbpλαh´1ξi ´ ξiqyA2α
(18)
tends ultraweakly to zero. But this follows from the identity
xλαh´1ξi ´ ξi |λαh´1ξi ´ ξiy “ αh´1pxξi |ξiyq ` xξi |ξiy ´ xξi |λαh´1ξiy ´ xλαh´1ξi |ξiy,
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for which the right hand side tends ultraweakly to zero. The expression in line
(18) therefore tends ultraweakly to zero using appropriate versions of the Cauchy-
Schwarz-type inequalities for inner products on Hilbert modules, see e.g. [38, Propo-
sition 1.1], and states on C˚-algebras, see e.g. [15, II.6.2.6]. 
We now turn to the relationship of the G-WEP to weak containment type prop-
erties. Recalling that A¸injG “ A¸redG when G is exact by [19, Proposition 4.2],
the property “A ¸max G “ A ¸inj G” should be viewed as a generalization of the
weak containment property to actions of potentially non-exact groups.
In [19, Proposition 3.12] we showed that the G-WEP implies that A ¸max G “
A¸inj G. The following is a slight strengthening of this result:
Proposition 7.11. Let pA,αq be a G-C˚-algebra. Then the following are equiva-
lent:
(1) A has the continuous G-WEP.
(2) For every nondegenerate covariant representation pπ, uq : pA,Gq Ñ BpHq
and every G-embedding ι : A ãÑ B into another G-C˚-algebra B, there is a
ccp G-map ϕ : B Ñ πpAq2 with ϕ ˝ ι “ π.
In particular, if A has the continuous G-WEP, then every covariant representation
is G-injective and A¸max G “ A¸inj G.
Proof. Fix a nondegenerate covariant representation pπ, uq : pA,Gq Ñ BpHq and a
G-embedding A ãÑ B. Assuming that A has the continuous G-WEP, there is a ccp
G-map ψ : B Ñ A2α with ψ˝ι “ iA : A ãÑ A2α. On the other hand, by Proposition 2.2
there is a normal G-equivariant homomorphism π2 : A2α Ñ πpAq2 Ď BpHq with
π2 ˝ iA “ π. It follows that ϕ :“ π2 ˝ ψ is a ccp G-map with ϕ ˝ ι “ π, as desired.
Conversely, if every covariant representation satisfies this property, then so does
the universal representation of A¸maxG and this gives the continuous G-WEP for
A.
The fact that if A has the continuous G-WEP, then every covariant represen-
tation is injective is now true by definition (see Definition 5.2), and A ¸max G “
A¸inj G follows from Proposition 5.4. 
If the C˚-algebra being acted on is commutative, we can do better and get a
complete characterization of the weak containment property “A¸maxG “ A¸injG”.
Note that when G is exact, the following result reduces to Theorem 5.16; it should
be viewed as a generalization of that theorem that is applicable outside the realm
of exact groups.
Theorem 7.12. Let A “ C0pXq be a commutative G-C˚-algebra. Then A has the
continuous G-WEP if and only if A¸max G “ A¸inj G.
Proof. The forward direction was already proved in Proposition 7.11. For the con-
verse let π : A2α Ñ BpHq be the Haagerup standard form of the von Neumann
G-algebra M “ A2α. Since A is commutative, so is M ; in particular M is injective
and it follows from [19, Proposition 2.2] that B :“ CubpG,Mq is a commutative
G-injective G-C˚-algebra with respect to the left translation G-action on G and the
trivial G-action on M . Consider the canonical G-embedding ι : A ãÑ B that sends
a P A to the function ιpaqpgq :“ iApαg´1paqq, where iA : A ãÑ A2α is the canoni-
cal embedding. Let pπ, uq be a standard-form representation of pA2α, G, α2q on a
Hilbert space H as in Theorem 5.12. Since pπ ˝ iA, uq is a nondegenerate covariant
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representation of pA,G, αq and since A¸maxG “ A¸injG, it follows from Corollary
5.5 that pπ ˝ iA, uq is G-injective. Hence there exists a ccp G-map ϕ : B Ñ BpHq
with ϕ ˝ ι “ π ˝ iA. Since B is commutative, it follows that
ϕpBq Ď πpiApAqq1 “ πpA2αq1 “ πpA2αq – A2α
because πpA2αq is a masa in BpHq. We may therefore view ϕ as a ccp G-map
B Ñ A2α splitting the inclusion A ãÑ B in the sense that ϕ ˝ ι “ iA. Since B is
G-injective, this implies that A has the continuous G-WEP. 
8. Some questions
In what follows we list some natural questions which arise from this work. The
first question is on the relation between measurewise amenability and topological
amenability for actions Gñ X . Indeed, by our results, this translates into
Question 8.1. Does amenability of an action on a commutative C˚-algebra imply
strong amenability?
This question has now been answered to the positive by Bearden and Crann in
[10, Corollary 4.14]. Together with Theorem 5.16 this also implies that for second
countable G and X measurewise amenability of an action G ñ X is equivalent to
topological amenability of this action. This gives a positive answer to a question by
Anantharaman-Delaroche and Renault whether topological amenability and mea-
surewise amenability are the same for all second countable locally compact Haus-
dorff groupoids G in the special case of transformation groupoids X¸G. Note that
it was already known from [7, Example 3.3.10] that the answer is ‘yes’ for all e´tale
groupoids G and hence for actions G ñ X of discrete groups G. For actions on
noncommutative C˚-algebras (even of exact discrete groups) amenability does not
always imply strong amenability by results of Suzuki [50].
It is easily seen that for actions of groups on commutative C˚-algebras A “
C0pXq strong amenability is equivalent to the quasi approximation property (QAP)
or the approximation property (AP) of Exel and Ng (see [30]). We saw in Section
4 that all these properties are equivalent to amenability if G is discrete. So a
generalization of Question 8.1 would be
Question 8.2. Is amenability for an action α : GÑ AutpAq of a locally compact
group always equivalent to the quasi-central approximation property (QAP) or
the Exel-Ng approximation property (AP)? Or is there any class of groups larger
than the class of discrete groups and any class of G-C˚-algebras pA,αq for which
amenability is equivalent to the (QAP) or the (AP)?
By [10, Theorem 4.2] a positive answer would also imply that the (QAP) and/or
the (AP) are equivalent to the Be´dos-Conti approximation property as introduced
in [11] and [10, Section 4].
The next question is about the connection between amenability and commutant
amenability (CA). We proved in Section 5.1 that both notions are equivalent if A
is commutative, but we saw in Section 5.3 that (CA) does not imply amenability
for G “ PSLp2,Cq or PSLp2,Rq in general. We also observed that the method
for producing these counterexamples is very unlikely to work for discrete groups as
well. So it would be very interesting, indeed, to find an answer to
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Question 8.3. Are there classes of groups G (other than discrete exact ones)
or of G-C˚-algebras pA,αq (other than commutative ones), for which commutant
amenability (or the weak containment property A ¸max G – A ¸red G) implies
amenability of pA,αq?
If G is discrete and A is nuclear, then Anantharaman-Delaroche showed in [5,
The´ore`me 4.5] that nuclearity of A¸redG implies amenability of pA,αq. So related
to the above question, one might ask
Question 8.4. Suppose that pA,αq is a G-C˚-algebra with A nuclear. Is there
a class of groups, for which commutant amenability of pA,αq implies nuclearity of
A¸red G?
By all we know, the answer to the above question could still be positive for all
locally compact groups G. We finally ask
Question 8.5. Is there a class of groups strictly larger than the class of discrete
groups, such that for all G in this class the following statement is true: if pA,αq is
a G-C˚-algebra such that A and A¸red G are nuclear, then pA,αq is amenable?
Note that the above statement cannot hold for all (even exact) locally compact
groups: indeed, one can find counterexamples even for A “ C by taking G to be any
non-amenable group with nuclear reduced C˚-algebra, such as G “ SLp2,Rq. But
a possible class of groups for which this question might have a positive answer could
be the class of groups with property (W) as studied by Anantharaman-Delaroche
in [6, Section 4].
We should add that in the first version of this paper posted on the arXiv, we did
not know whether amenability via positive type functions as in Definition 3.4 and
von Neumann amenability as in Definition 3.1 are equivalent for all locally compact
groups G, although we were able to show that this is always true if G is exact (see
Proposition 3.12). For discrete G the equivalence was already known from the work
of Anantharaman-Delaroche in [5]. So in our first preprint we asked the question
whether these concepts are equivalent in general. We were very pleased to see a
positive answer to this question due to Bearden and Crann ([10, Theorem 3.6]) very
shortly after we published that preprint. This result had a great impact on this
work and allowed us to avoid the assumption of exactness of G in a good number
of places.
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